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1 K.TIa,CCI/I(i)I/IKaJ_II/ISI ypaBHeHI/Iﬁ C 9aCTHbIMUA IIPOMU3BOJHBIMMX BTOPOIO
Inop4daakKa

Omnpegenenne. Ilycrs B npocrpancree E? 3anana nekoropas dyukims u(z,y), UMeONas 4acTHbIE TPOU3-

BOZHBIE BTOPOrO IOPANKA (HPHUEM Ugyy = Uyg). 1OrNa OOIIMM ypaBHEHHEM B YacTHBIX IIPOM3BOJHBIX

Ha3bLIBAETCs ypaBHeHue:
F(.Z‘, Y, Uy Ug, Uy, Uyy, Ugz, ny) =0,

rae F - HEKOTOpaAd beHKILI/IH Ero wacrabiM CJIy9aeM ABJIAETCA TaK Ha3bIBa€MOE KBa3nJInHeNHoOe YpaBHeHUue:
0111(.77, y: U, Ug, Uy)uxx + 20’12('777 Z/: U, Ug, Uy)uxy + 022(.27, y: U, Ug, Uy)uyy + Fl (lE, y7 u, Uy, uy) = 0

Hac 6yayT uarepecoBars ypaBHenus, JINHEHHBbIE OTHOCUTEJIBHO CTAPIINX IPOU3BOJHBIX, TO €CTh, KOI/Ia
dbyuKIUU a11,A12, 22 3ABUCAT TOJIHKO OT HEPEMEHHBIX I, Y:

all(may)uzz + 2a12(m7y)uwy + a22(may)uyy + F(mayauauwauy) =0.

YpaBHeHue Ha3bIBACTCA JIUHEAHBIM, eC/Ii OHO JTMHEHHO KaK OTHOCUTEIHHO CTAPIIMX IPOU3BOIHLIX Uy, Uyy, Uy,
TAK U OTHOCUTEIbHO (DYHKIMHU U U €€ IEPBbIX IPOU3BOIHBIX:

A11Ugq + 2012Ugy + A22Uyy + b1ty + bouy + cu + f =0, (1.1)

rae aip, a2, a2, by, be, ¢, f — GyHKIMKU TOJILKO OT T U Y.

Ounpegesienue. Eciu F = 0, o ypasuenue (1.1) Ha3bBaeTCa OJHOPOAHBIM, B IIPDOTUBHOM CJIydae - HEO/I-
HOPOIHBIM.

Oupegesienue. Ypasuenue (1.1) umeer B Touke (o, yo)

1. runepbosmyecKuii THIL, eClH a3y (To,Yo) — a11(Zo, Yo)a22(To, yo) > 0;
2. suumMnTHYecKuil Tun, eciu al,(To,yo) — a11(To, Yo)a22 (o, yo) < 0;
3. mapabosudecKuit T, eciu aly(To,Yo) — a11(To, Yo)azs(To,yo) = 0.

AHnamornaHo onpenensercs THT ypaBHEHWs 71 HeKOTOpoii obmactu: ypasaernue (1.1) umeer B o6nacTy rumep-
Gonmmueckuii (syumunTHYeckuii ) [mapabosmaecknii| tun, eciu a?,(x,y) — ar1(z,y)azx(z,y) > 0(< 0)[= 0] BO
BCeX TOYKaX 3TOI obsacru.

Eciu ypaBuenne umeer pasHplii THIl B PA3/IMIHBIX TOYKAX 00JIACTH, TO OHO HA3BIBAETCA YPaBHEHHUEM CMe-
MIAHHOTO THUHA B 9TOH 06aaCTH.



2 YpaBHeHus nMapadoIMIeCcKOro TuIa

2.1 BsiBog ypaBHEHHS TENJIONMPOBOIHOCTU B IIPOCTPAHCTBE

PaccMOTprM B TPEXMEPHOM MPOCTPAHCTBE HEKOTOPOE TEJIO0, TIPOBOJAIIEE TEIIIO, U MyCTh TEMIIEPATYPA B €0 MPO-
u3BOJIbHOIT TOUKe M ¢ Koopaunaramu (x,y,z) B MOMEHT BpemeHu ¢ 3auaerca dyukuueit u(zx,y, z,t). U3secruo,
—

9TO JJIs BEKTOPA, TEIJIOBOTO TIOTOKA, W crnpaBeminBa cieayiomas hopMysa, Ha3biBaeMas 3aKoHOM Dypbe:
W = —k grad u,

rae k(x,y,z) — K03DOUIUEHT TeIIONPOBOIHOCTH.
Ecin resio 3anaerca B npocrpancTse E3 obmactbio ) ¢ rpanuieil ¥, Torma KOJIHYeCTBO Tera B §) B MOMEHT

BpeMmenu t cauraercs no Gpopmyie:
/ / / w(M, 1) drag,

rje ¢ — yJeabHasd TeIJIOEMKOCTD, & p — IJIOTHOCTh BEIIECTBA.
PaccMorpum poMekyTOK BpeMeHH [t1; ta] (Q(t1) = Q1, @ = (2). Torga

v et ooty

3menenue KoumuecTBa TEIUIa NPOMCXOAUT BCIEACTBUE NPUTOKA (OTTOKA) TEIIa M3BHE U JEHCTBHS HEKOTO-
PBIX BHYTPEHHUX HCTOYHUKOB (CTOKOB):

o-a.- f it o | f[f oo

ITpumennm bopmyny Ocrporpagckoro-Taycca (5.3) qysi mepBoro uHrerpasa u GopMysy CpeJHero 3HaYeHUs
(5.1) myig BrOpOro MHTErpasa;

Qr— Q1 = _72 ///(div Wdr | dt + (t —tz)// F(M,ty) dr
i1 Q Q
rue ty € [t1; to].

Bocmosbzyemcs dpopmysnoit Jlarpamxka:
U(M, tg) — U(M, tl) = ut(M, t3)(t2 - tl), t3 S [tl; tz]

I Taaakoit (npeanonoxkum 310) dbyuknuu u. Torga norydnm:

QZ—Ql_/// w(M, ) dray — /// w(M, 1) dray =
— (t—t, ///c Vo(M (M, t5) drag.
Q

Uraxk,

(ts — tl)///c(M)p(M)ut(M, ts) drar = —]2 // (div W)drar | dt+ (t1 — tz)// F(M, 1)) dr
Q b L Q Q



Tenepb NpUMEHUM JJisl BCEX UHTErPaIoB 0000imenHyio ¢popMyity cpeaHero 3uadenus (5.2):

c(Ml)p(Ml)ut(Ml,t;,»)VQ( 2 — t1 = —div W‘ (tz - tl) + F(M3,t4)VQ(t2 - tl)

t=t5, M=M>

tae ts € [t1; t2]; My, My € Q, Vg — obbem (2.
Cokparus na Vo (ta — ¢1), nonyuum

. =
(M) p(M g (M, t3) = — div W‘ v (M, ta)

M=Mjy

st HekoTopbix Touek My, My uz Q. Teneps coxkmem ) B HekoTopyio Touky My, a orpesok [t1; ta] — B TOUKy
to. OueBumno, Touku My, Mo nepeitnyTt B My, a ts,ts,t5 - B to. B npenene momyunm:

c(Mo)p(Mo)ut(Mo, to) = — div W‘ +F (M, to).

Sanmcas i1 V_[} 3akoH Pypbe, Moy dnM:

div W = div (—k gradu) = —(f—xkg—z gykg_z — %kg_z E—

& du 0 du 9 9
—> c(Mo)p(Mo)ui(Mo, to) = 5 kaz +8yk8“+ = ka—: + F(Mo, to).

Tak kax Touru My u tg MbI BLIOHPAJIU IPOU3BOIBHO, TO MOXKHO PACIPOCTPAHUTD MOIYyYeHHY0 (pOopMyy HA
Bech [t1; t2] u BClO obsacth (2

c(mayv Z)p('rvyaz)ut('rvyazat) =

0
+&(k(x, Y, 2)uz(z,y,2,t)) + F(z,y,2,t).

0 0
%(k(xvyaz)uw(xayv th)) + 8—y(k($,y,Z)Uy($,y, th))+

[Tonydennoe BhIparkKeHrEe HA3LIBACTCA yPABHEHUEM PACIPOCTPAHEHUS TEIJIA B IPOCTPAHCTBE.
Bzss ¢, p, k KoHCTaHTAMHE, [TOIYyYUM CJI€AYIOIIEe yDABHEHHE:

. . k F
_ 2 2 _ _
ut = a (umc +uyy+uzz)+f(mayazat): a = —, f_ Cp' (2'1)
Ecmm u, f 3aBUCAT TOIBKO OT TIEPEMEHHBIX X W , TO 3TO ypABHEHHUE 3alNChIBACTCA TAK:

g = a*Ugy + f(,1). (2.2)

B ¢dusuyeckoit unTepIpeTAIIE TO ypPABHEHWE DACIPOCTPAHEHWS TEILIa B OJHOPOJHOM TOHKOM CTEDIKHE.
Ypasuenue (2.2) mbl u 6yjeMm B gajibHelilieM HA3bIBATH YPABHEHUEM TEIJIOIMPOBOJHOCTH.
AnasioruvHbie paccyK/I€HUs MOXKHO IIPOBECTH ¥ JIJIsi HEKOTOPbIX JIPYTUX (DU3NIECKUX IPOIECCOB, HAIIPUMED

past pupdysuu. Ecou u(z,y,2z,t) - KonuenTpauus rasa B npocrpascrse, o ypaBHeHue muddysuun Oyner
BBITJISIIETH TaK:

cuy = div (D gradu) + F(z,y, z,t),
rae D - koadppunment nudpdysun, a F' — Hekoropas QyHKImA.
2.2 VYpaBHeHUE TEILIOIPOBOJHOCTU C OOHONM IIPOCTPAHCTBEHHOI nmepeMenHoi. Ilo-
CTaHOBKAa OCHOBHBIX 3aJa41

Bynem paccmaTrpuBaTh caemyoliee ypaBHEHHUE:

g = gy + f(x,t), 0< <1, 0<t <T.



Ecan mam n3Becrna TeMIeparypa B CTEPDZKHE B HAYaJIbHBI MOMEHT BpeMeHUt, TO MBI TITOJTy9aeM HavaJIbHOe
yciioBue:

u(z,0) = ¢(z), 0 <z <,

a ecJid BCerJa 3HAEM X0/ TEMIIEPATYPbI HA KPasiX, TO HEKOTOPbIe u3 KPaeBbIX yCJIOBUIL:

u2(t) — mepBoe Kpaesoe yC/IOBUE;

)
mpur =1, 0<t<T (2) w(l,t) = wa(t)— BTopoe KpaeBoe yCJIOBHE;
(3) wg(l,t) = —Au(l,t) —02(t)] — Tperbe Kpaesoe yciaoBue.
(4) w(0,t) = pi(t) — nepBoe KpaeBoe yCIOBHE;
unpuz=0,0<t T (5) wuge(0,t) = wi(t)— BTopoe KDPaeBOoe YCJIOBUE;
(6) wugy(0,t) = —A1[u(0,t) —61(t)] — Tperbe KpaeBoe ycioBHe.

Bribupast HECKOIBKO U3 3TUX YCJIOBHI, MOXKHO IOy YATH PA3JIUIHbIE THUIIBI 33/1a4:

IlepBas KpaeBad 3ada4a.
g = alug, + f(z,t), 0<z<l,0<t<T;
u(0,t) = (t), 0<t< Ty
u(l,t) = pa(t), 0<t< Ty
u(z,0) = ¢(z), 0<z <l
Bropas KpaeBas 3aja4a.
m = Uy + f(z,t), 0<2<I, 0<t<T;
uz(0,8) = wi(t), 0<t<T;
ug (1, 1) v (t), 0<t< T
u(z,0) = ¢(z), 0<z gL
Sasaua Ha IOJLYIIPSAMOMH.
Uy = a’ug, + f(z,t), >0 0<t<T;
u(0,t) = p(t), 0<t<Ty
u(z,0) = ¢(z), >0
3amaua Korrm.
Uy = d’ug, + f(z,t), —c0 <z <400, 0<t<T;
u(z,0) = o), —00 < < +00.

2.3 CymecTBoBaHue penieHnd mepBoii KpaeBoil 3aga4uu. Meron pa3aeiienus mepe-

MEHHDbIX

OcranoBuMcs: 60JI€e IeTaJbHO HA MTEPBOM KPaeBoil 3a1ate:

@y, + f(2,1),
H1 (t)7
NZ(t)a
¢($)7

O<e<l,0<t<
0<t<T;
0<t<T;
0<z <L

T;



— PACCMOTPHUM CYIIECTBOBAHUE U €IWHCTBEHHOCTH PEIeHNsi, YyCTONIUBOCTD, mpuMenenune dyuknunu ['puna. Yro
JK€ TAaKOEe DEIleHne TepBOoil KpaeBoil 3amaun? QueBUIHO, €if yIOBIETBOPSET MHOKECTBO PA3PBIBHBIX (DyHKIHI
u(z,t) Bpoae

u(z,t) = const, (z,t) € Qr = {(x,t):(0;1) x (0; T]};
u(0,t) = m(t); 0<t<T;
W00 = ml) 0<t<T:
W0,0) = o) O<w<l

ITosTomy moTpedyem OT DyHKINN HEMTPEPHIBHOCTH — TUM TPEOOBAHUEM, KAK Mbl YBUIMM T03Ke, OTCEKAIOTCS
TOYTHU BCE HEYIOOHBIE I UCCIeA0BaHus (DYHKIUN.

Omnpenesenne. Oyuxuus u(z,t) Ha3piBaercs pellleHHeM MePBoOil KpaeBoil 3a4a4dul JJjisl yPaBHEHUs
TEIJIONMPOBOAHOCTH [2.1], eciiu OHA yJ0BIETBOPSET CJIEAYIOUIMM TPEM YCJAOBUSAM:

1. ue C[Qr);
2. Ug, Uge € C[QT])
3. u(z,t) ynosaerBopsier yciosusam [2.2].

Haiinem perenue juist nepBoil KpaeBoil 3a/1a4u € HYJIEBBIMU KPAEBbIMU yCJIOBUSMHU C OJHOPOIHBIM ypDaBHE-
HHUEM TeIJIONIPOBOIHOCTH:

(1) u = Uy, 0<x<l,0<t<T;
[2.2] (2) wu(0,t) = 0, 0<t<T,
' (3) wu(l,t) = 0, 0<t<T;
(4) u(z,0) = o¢(x), 0<z<l.

Uckarp pemenne Mbl OyaeM cieayomuM oO0pa30M: CHadYasIa C IOMOIIBIO MPe0dPa30BaHNE NCXOIHOTO yPaB-
Henus (BaKHO OTMETUTh, YTO OHU He BCerja OyyT CTPOIMMU - 9TO II0KA HEe TPeOyeTCs) MOCTPOUM HEKOTOPYIO
dyukuuio u(z,t), a TOTOM JO0KaXKEM, YTO NPU ONPEE/IEHHBIX OIPDAHUYEHUAX Ha HAYAJbHBIE YCJIOBUS JAHHAS
dyuKIusa Oyaer pelreHneM MepBoil KpaeBoi 33, a4,

Onpenesium HOBYTO (DYHKIHIO:

v(z,t) = X(x)T'(t).

IToacraBup Haiy (PYyHKUMIO B yPABHEHUE TEIIOIPOBOAHOCTH, [IOJIY YUM:
X(2)T'(t) = a®* X" (x)T(t).
Paznenum obe wactu ypasuenus na a’X (x)7T(t):

T'(t) _ X"(x)

a?T(t) X(z)~

Tak Kak cupaBa ¥ cjieBa CToAT (DYHKINU, 3ABUCSIIIE OT PA3HBIX IEPEMEHHBIX, OYEBHUJIHO, YTO 0O6€ OHU PABHbI
HEKOTOPOI KOHCTAHTE, KOTOPYIO MbI OO03HAUNM — \:

) _ X"@)
a2T(t)  X(z) 7
Orciofa nostygaem JiBa ypaBHEHUS:
X"(z) + A\X (z) = 0; (2.3)
T'(t) +a®> T(t) = 0. (2.4)

Bamnucas Kpaesble yciaoBus [ Halneil pyukuuu v(x, t):



TOJIy9YUM, 9TO, BBUAY €€ NPEACTABJICHUA B BUJC MTPOU3BEIACHUA,

{ X(0) =0;
X() =o0.

Coenunus (2.3) ¢ nosydenHoit cucremoii, nonyunm 3aaady 1ITypma-JluyBusuis:

X"(z) + AX(x) =0;
X (0) = 0;
X1 =0.

Tpebyercss HaiiTu Bce A, Ipu KOTOPBIX CYIIECTBYIOT HEHYJIEBBIE perenus: 1ol cucrembl. 3 xypca " dud-
depennuanbubie ypaBHeHus" W3BECTHO, 9TO:

2
™
An = (—) , n € N — cobcrBeHHbIE 3HAYEHUS.

l

1

. TN
X,(z) =l s1n(T:c), n € N — coorBeTcTByIOIIHe UM coOCTBeHHBbIe (byHKINH (),

— HEKOTOPbIe KOHCTAHTHI).

IMoxcrasusis Ay, B (2.4), NOAyYUM ypaBHEHUS BUIA

T (t) + a* A\, T (t) = 0.

. 5 (T2
Pewennem, ouesuno, 6yaer T, = c2 exp{—a? (—) t}. Oovenunus X, (z) u T,(t), nomyaum:

l

vn(2,1) = Xn(2)Tn(t) = cn Sin(?x) exp{—a® (?)2 t}.

3amernM, 9To Bee Takue DYHKIUN ABJISAIOTCS DEIIEHUsIME yPAaBHEHUs TEIIONpOBOIHOCTH (1) ¥ yJI0BIeTBO-
PSIOT KpaeBbIM ycioBusaM (2),(3).
Omnpenenum dynkuuio u(z,t) Kak cymmy paaa:

u(z,t) = Z v (2, 1).

3amMeTnM, 9TO OHA yAOBJIETBOPSET KPAEBBIM YCJIOBUSM, & B CJIydae PABHOMEPHON CXOAUMOCTH PAIa U3 MPO-
M3BOJHBIX — U ypaBHEHUIO Koebanuii. [lombepemM KOHCTAHTHI TaK, YTOOBI BHITIOIHSIJIOCH HAYAIbHOE YCIOBHUE:

., Tm .
JIOMHOKMM PaBEHCTBO Ha, s1n(Tm) (m - uesoe), ciesaeM 3aMeHy II€PEMEHHOi (T — §) U UPOMHTErpUpyeM
o s:

l 1
/qﬁ(s) sin(?s) ds = 2 cn/sin(?s) sin(?s) ds.
0 =g
l
. T . Tm 0, n # m;
/sm(—x) sin(—ax) =< 1 =
l l —, n=m.
0 2
l
/qﬁ(s) sin(?s) ds = %cm ==
0



OxonvaresibHO nosydaeM Gopmyry s u (i, t):
= Z z /d)(s) sin(ﬂs) ds sin(ﬂ-n )exp{—a (ﬂ-n) t}. (2.5)
=1\ l [ [

Teneps mokazkem, 910 3Ta, HOpMYyJIa KOPPEKTHA.

Teopema 2.1 (cymecrBoBanus). Ilycmo dynxyus ¢(x) maxosa, wmo ¢(z) € CH[0; 1] u ¢(0) = ¢(I) = 0.
Tozda gopmyna (2.5) onpedeasem xaace pewenut 3adauu [2.2].

Joxasameavcmeo. (1) JokaxkeM cradaia HenpepbIBHOCTDH Hojydennoil dynximmm u(z,t) B Q. Jlerko suuers,
4T0
(o0} 2 o0
(o0 € 3 oo 01 <7 3 o

2 . TN 00
rue ¢, = \/;/qb(s) s1n(Ts) ds. TlousaTHO, 9TO €Ciiu Mbl JOKAXKEM CXOAUMOCTb Diaga Y. |¢n|, TO mosydum

n=1

(oo}
(mo mpusnaky BeliepmTpacca) paBHOMEPHYIO CXOIMMOCTb pama . |v,(z,t)|. Tak xak Bce bynkuum vy, (z,t)
n=1
HenpepbiBHbL, TO 1 Gynkuus u(x,t) Gyaer HenpepbiBHA, TaK KAK OHA OLPEIE/IAeTCs PABHOMEDPHO CXOUAIIUMCH
PSAIOM OT HENPEPBIBHBIX (DYHKIHIA.

Urak, npeobpasyem ¢, (z,t):

l
Gn = \/?/qb(s) sin(?s) ds = {unrerpupoBanue 1o 4acram} =

_ \[ #(5) cos \f/¢ ) cos("Ts) ds =
- / ;qs'(s)ﬁ cos(?s) ds.

0

n .o
IIycTs ¢n = ¢> cos( i s) ds. Bocmonb3yemcs HepaBeHCTBOM Beccessi 11 OpTOHOPMUPOBAHHOI CH-

2 o0
creMbl DyHKIHIT { \/; cos( ?s) }

n=1

2

i::ﬁg%:i:: /(1) \/7005 lns)ds g/l(gb’(s))QdS_

[e.e]
Temepb MBI MOKEM MPeOOPA30BATH HYKHBIH HAM g . |¢dn|:
n=1

~ 2 w l o] o
n=1 n=1

n= 1

[TepBblit psiji, KAK U3BECTHO, CXOIUTCS, CXOAUMOCTH BTOPOrO MbI TOJIBKO 4TO MOKazam. OTCoa mosydaem
o0

cx0auMOCTb psaaa u3 Koddduuuento @ypve Y |¢y,| U, Kak ObLIO IOKA3ZAHO PaHee, HELPEPBIBHOCTb (DYHKIMU

n=1
u(z,t).



(2) Temepb moKazkeM CyIIECTBOBAHWE M HEMPEPHIBHOCTH IPOM3BOIHBIX Ut, Uzy B Q7. [IOKaXkeM, K mpuMepy,
CYIIIECTBOBAHUE Uy, st Beex 0 < x < [, tg <t < T, rme ty - MPOU3BOIBHOE TIOJIOKUTEIHHOE YUCI0. VI3 9TO0TO0,
OYEBH/IHO, CJIEJlyeT CYILECTBOBAHUE Uy, B Q7. IIponuddepenuuposas dopmasnbho psja (2.5), nosaydum:

Uga (T, ) = i ¢”\/§ (_(71'l_n)2) sin(?x) exp{—aZ(?)zt}.

™m..
Jlerko 3ameruThb, 4o MHOMHTEb exp{—a?(——)?t} maeT HaM PABHOMEPHYIO CXOJMMOCTbH MazKOPAHTHOIO

l

o0
psaganaty < t < T.U33roro cieayer paBHOMEpPHAs CXOAUMOCTD Psfia Y (Up)zq (X, ) U CyLIECTBOBAHNIE Ugy (T, T)
n=1
B Q7. HenpepwsiBHOCTD U, (2, t) cremyeT u3 HenpephIBHOCTH ciaraeMbix pana. CymecTBOBaHNe U HEMPEPBIBHOCTD
Ut JOKA3BIBACTCA AHAJIOIHYHO.
(3) To, uro dyukuus u(x,t) ynosiaersopser Bcem ycuobusm [2.2], 6bLI0 IOKA3aHO BO BPEMsl €€ IIOCTPOEHUS.

Teopema mokazana. ([l

2.4 IlpuHnun MakCHMaJbHOTO 3HAYEHUH JJid YPABHEHUS TEIJIOIIPOBOJHOCTU

Paccmorpum muokecTBO Q7 = {(2, 1) : (0; 1) % (0; T}. O6030aunM I’ = Q 7. Jokaxkem, aro dbynkms u(x, t

) 3 ) T ) s U/
YIOBJIETBOPSIONIAS YPABHEHUIO TEILIOMPOBOIHOCTH, JIOCTUTAET CBOEr0 MAKCHMAJIBHOIO IO MO0 3HATEHUS
UMEHHO Ha 3TOI rpanuue.

Teopema 2.2 (IPMHOUI MaKCHMAaJbHOTO 3HadeHwms). [Tycmo u(z,t) € C[Q1], ut, Upe € ClQ7] 1 uy =
a’Uy, 6 Qr. Toz0a

maxu(z,t) = maxu(z,t);
Qr r
minu(z,t) = minu(z,t).
Qr r

Zoxasamenvcmeo. lokaxkem mepBoe yTBep:Kaenne. [Ipeanomokum mpoTuBHOE: MyCTh mlgxx u(z,t) = M u cyme-

crByer To4Ka (Zo,to) € Qr Takas, 4ro u(To,to) = M +¢€, € > 0. B sar0oM ciyuae onpejesum HOBYIO (BDyHKIMIO
v(z,t) Tak:

€
t) = t) — —(t —to). 2.6
(e, 1) = u(e 1) — 55t~ to) (26)
Ouesupno, 910 v(xg, to) = u(xo,to) = M + . Kpome Toro, tak kak |%(t —to)| < % npu t € [0; T], To

€

— <
(=t} <M+

N ™

max v(z,t) = mlgmx{u(:v, t)

Orcioma ciieyer, 9TO CyIIECTBYET BHYTPEHHsiS TOYKA (Z1,t1), B KOTOPOi v(x,t) HOCTUraeT MaKCHUMyMa.
CornacHo HEOOXOIMMOMY YCIOBUIO MAKCUMyMa ABaK bl nuddepennupyemoit byHKImm,

ve(z1,t1) > 0;
Uﬂcw(xlatl) <0,

MIPUYEM CTPOrOe HEPABEHCTBO MOXKET MMETh MECTO TOJLKO mpw &1 = 1.
IMpomuddepennuposas (2.6) 10 ¢, MOy InM:

Ut(ﬂf,t) = Ut(xat) + ﬁ

Amnasornuno, nocie ABOHHOrO nudHepeHupOBaAHNS 0 L TOJIY 9aeM:

Ugz (T, 1) = Vgg (2, 1).



3 manmucanHO#l BBIMIIE CHCTEMbBI HEPABEHCTB CJIEIYeT, IYTO

(mlatl)—vt(mlatl)+ﬁ >0 ’wa(.'L',t) :uzz(mat)a
9TO MPOTUBOPEYUT YPABHEHUIO TETJIOIPOBOIHOCTH. CJIeJ_IOBaTe.HbHO, Hale npeanoiozKeHne HEeBEPHO, MO3TOMY

maxu(z,t) = max u(z,t), n IepBOE yTBEPIKIEHNE NTOKa3aHO. [IIs 10Ka3aTeIhCTBA BTOPOrO YTBEPIKIEHHS TEO-
T
peMbl (IPUHIMI MEHEMYMA) JOCTATO4YHO nepeditu ot u(x,t) Kk dyukuun w(z,t) = —u(x,t), KoTopas IPUHUMAET

MaKCUMaJIbHOE 3HaueHue TaM, rie u(x,t) npuHuMaer MuHuMajbaoe. TeopeMa goKa3aHa. O

B MPUJIOKEHUUN K KPAEBbIM 3aJa9aM TPUHINI MaKCUMYMa BBITJIAOUT CJACAYIOITAM 06pa30M. HyCTb

= a®ug., 0<z<l, 0<t<T;

Ut
u(@,0) = é(z), O<z<l

Torpa max u(z,t) = max{ n[lax] pi(t), n[lax} w2 (t), m[ax] ¢(x)}. Dro paBeHCTBO UMeeT POCTOil PusMIecKuil
Qr T telo; T 0;1

cmbica. OHO O3HAYAET, YTO TEMIIEPATYPA CTEPXKHS He MOXKET ObITh BbIIIE TEMIIEPATYDPbI HA €ro Kpasx U B
Ha4YaJbHBII MOMEHT BPEMEHH.

2.5 EaInHCTBEHHOCTb W yCTONYMBOCTH PEIIEHUd IIePBOl KpaeBoil 3agadm

82ui 8ui
) ?7 ar
ClQr], i = 1,2, npuvem onu A6AA10MCH PeweHUAMY OTHON U TOM ke nepeoll kpaesoti sadavwu [2.2]. Tozda
uy (z,t) = u2(z,t) 6 Q.

Joxasameavcmeo. Onpejeum nosyto byukumio v(z,t) = uy (z,t)—us(z,t). Tormav € C[Qr], ve, vee € C[Q7T],
U ABJIAETCA pellleHneM TaKON KpaeBoil 3a/1a4u:

Teopema 2.3 (egunacrennoctn). ITycmny dynxyuu uy(z,t), uz(z,t) makoswv, wmo u; € C[Qr)

Vi = %, O0<az <, 0<t< T,
o(0,8) = 0,  0<t<T;
o(lit) = 0,  0<t<T;
v(z,0) = 0, 0<z <l

g dyuaxyu v(x, t), 09eBUIHO, BBIIOJHEHBI BCE YCIOBUs IPUHIMIIA MAKCUMyMa. [IpUMeHsis ero, mojy 9uM:

maxv(z,t) = mlng(:v,t) =0;
QT = =
Hlinv(myt) = ml'i‘nv(myt) = O. = U(Jj’t) - 0 = U1(:I;7t) - U/Q(:I;at)-
T
Teopema mokazana. ([l

YcToiiunBOCTh pellieHus MepBoil KpaeBoil 3aaadu.

JIlemma 1. ITycmo dynrxyuu ui, us(,t) maxoso,, wmo

u; € C[@T]:
8%u; 8uz B
61172 ot [QT] i = ]-7 27
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npuvem

Ou; 0u; )

8tl = a28$;, 0<z<L0<tLT, i=1,2;
ul(O,t) Z UQ(O,t), 0 < t S T,
Ul(l,t) 2 Ug(l,t), 0T,
Ul(xvo) 2 UQ(JT,O), 0<$<l

Tozda u (z,t) > uz(z,t) 6 Qr.

Joxasameavcmeo. Cuosa, nycts v(z,t) = us(x,t) — uy(x,t). Jlerko sugers, uro v € C[Qr], Ver,ve € C[Q7T],
opuaeM

vi(z,t) = Vga(z,t);

v(0,t) > 0, 0<t< Ty
o(l,t) > 0, 0<t<T;
v(z,0) > 0, 0<z <l

Bocnons3osasmruch BTOPBIM yTBEPZKICHUEM TPUHINIIA MaKCUMYyMa, TTOIyYUM:

minv(z,t) = mFinv(a:,t) > 0= ui(z,t) > us(z,t), (x,t) € Qp.
Qr

JlemMma gokazaHa. O

Teopema 2.4 (ycroituuBocrn). Ilycmo dynryuu ui, us(z,t) marxoss, wmo

UiZE ClQrl,
8‘ui 8ui .
c =1,2
o2 ) ot € [QT]; ? ) &y
npuvem

8ui 82ui .
5 = aZ&EZ, 0<z<,0<tLT i=1,2;
ui(0,t) = pi(t), 0<t<T, i=1,2;
wil,t) = ph(t), 0<t<T, i=1,2;
ui(z,0) = ¢i(z), 0<z<l, i=1,2.
t

Tozda max 11 (2,2) — uz(, 1)] = max{ max lut — 13 (@), nax k3 (t) — w3 (1), Jnax [¢1(z) — éa ()]}

JHoxazamenavcmeo. Cuosa BegeM GyHkumio v(x,t) = uy(x,t) — us(x,t). Torma

06 = bt 3@) — p3(t — ¢
O3HAUHB € max{tg[lgg] 1% ul()lytg[lga;} | (t) u2(>|,£[g;<”|¢1(w> ¢2(2)|}, momymu, aro

U3 sroro cuenyer, uro —e < v(z,t) < € na I'. Ilpumenus nemmy k napam byukuuit (—,v(x,t)) u (v(z,t),€),
HOJIy91M, 9TO

—e < ui(z,t) —uz(z,t) <e B Qp.

Teopema mokazana. O

Ilonygennoe yTBep:K/IeHHE O3HAYAET, UTO U3 OJU30CTH MCXOIHDBIX JAHHBIX CJAEAyeT OJIM30CTh MOy IE€HHBIX
peleHuii.
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2.6 EauHCTBEHHOCTH pemnieHus obmieii KpaeBoii 3aga4n

Obmiast KpaeBas 3a7a4a (POPMYJIUPYETCs TAK:

Uy = az
[2 3] alu(o t) Oéguw( 7t) = p(t)’ 0 <t< T;
3N Buulld) + Brun(l) = qlt): 0<t<T:
u(z,0) = ¢(z); 0<z <l

3aech a1, az, 81, B2 — HEOTpUIIATEIbHBIE TIOCTOSHHBIE, TPUYEM TPeOyeTCs, YTOObI
ar+as>0; B+ p2>0.

JlokazkeM €/IMHCTBEeHHOCTD PEeIIeHUs TAKOW 3a/1a9H.

Ugz + f(z,t); 0<tKT,0< 2 <I;

Uq

Teopema 2.5 (emumucrBenHocTn). Ilycmo 6 Qr onpedeaenvs Pynryuu uy,us(x,t) maxue, wmo u;, — €
A%u; 9%u; .
ClQ+], 92 B ClQr], i = 1,2, npuuem oHu a6aa10MCH pewenusmu 00not u mot orce 3adawu [2.3].

Tozda uy(z,t) = uz(x,t) 6 Q.

Joxazamenvcmeo. Ijis noKa3aTenbCTBa €IUHCTBEHHOCTH BBEIEM, KakK OOBIYHO, HOBYIO byHKUMO v(r,t) =
ui(x,t) — uz(z,t). Torma, odeBugHO, v, v, € C[Qr], vt,vzr € ClQT] 1 v(z,t) Gyder ABAATHCA peElleHneM

cilelyIoneil KpaeBoi 3a/1a4u:

Vi = a%Upe; 0<tLT,0<2<I;

a1v(0,t) — agv,(0,t) = 0; 0<t<T;

Blv(l t) + BZUJ:( 7t) = 0 0<t<T,

v(z,0) = O0; 0zl
2 9 5

VYMHOXKUB V¢ = G~ Vg HA 20 U YUTH, 9TO 200y = E(U ), HOJIyYnM:

9, 4 2

8—7_(1} (x,7)) = 2a°v(x, T)Vgq (T, 7).

13 pasencrBa dbyHKumii ciieayeT PABEHCTBO OIPE/IEIEHHBIX NHTEIDAJIOB:

Lt

ot
//g (z,7) dex—2a2//vm7'vm(m 7) dr dz,
00

00
opuieM B HpaBOI./‘I 9aCTH MbI MOXKEM ITOMEHATH IIOPAJOK MHTCIPUPOBaAHWA:

t

[t l
//g (z,7) de;z:—Qa/ /U;ETUM(;U 7)dx| dr.
00 0

0
W3 navaapbHOIO ycsioBusi Cieayer, 9ro

l

/l/tg drd;r;—/(UQ(x,t)da:.

0
Buyrpennuii uarerpas B npasoii yactu (2.7) BO3bMEM [0 4aCTHAM:

l l

/v (@, T)vee (@, 7) dz = (@, T)v, (2,7) |y — /(vw(m,t))Qdm.

0 0

12



3 KpaeBbIX yCIOBUil JTIETKO BBHIBECTH, UTO

0, eciu B1 =0, B2 > 0;
U(lat)vz(lat) = 0761 ‘ ec 1 >0, B2 = 0; ,
—ﬂ—vz(l,t), eciu B1 >0, B2 > 0.
2
07 eciiu o = 07 ay > 07
v(0, ), (0,t) = %21 ‘ ecun ay >0, ay = 0;
a—vz(O,t), ecin a; > 0, ag > 0.
2

Juist mobbix ¢ € [0; T7.
13 5TOr0 CiIeyer, 4To eciu 0603HAMUTD

P(1) = v(z,7)u, (a:,r)|é =v(l,7)v.(I,7) — v(0,7)v, (0, 7),

Tro P(r) €0, Vr € [0; T].

Torna paBeHcTBo (2.7) MOXKHO IEPENUCATH TAK:

l t ¢t 1
/vz(m,t) dr — 2a2/P(T) dr + 2a2//v§(m,7) dxdr = 0.
0 00

0

HepBoe " TpeThE ClaraeMble, O9eBUIHO, HEOTPUIATEJIBHBI; HEOTPUIIATEJIBHOCTH BTOPOr'O CJIEAYET U3 HETIOJI0-

JKUATEJIbHOCTH TOJBIHTErPAJbHON dbyHKInu. 3 9TOr0 ciemyer, 9T0 BCe OHU HA CAMOM Jiejieé PABHBI HYJ0. Tak
l

kak bysxuus v(z,t) HeNpepbIBHA, TO U3 TOO, YTO /1)2 (z,t)dz = 0, caenyer, 4ro

0
v(z,t) = 0.

Orcioma mosyuaem, 9to us(x,t) = ui(z,t). Teopema mokazama. O

2.7 CymecrBoBanue pereHus 3agaun Komm

Paccmorpum ognopoanyio 3agady Kormu:

2.4] (1) U = Uy, —00 << 400, 0<t<T;
‘ (2) wu(x,0) ¢(x), —oo <z < +o0.

JeficTBys Tak 2Ke, KaK M [IPH [OMCKE PEelIeHHs IIePBOil KPaeBoii 3aa4u, IPOBEJIEM HEKOTOPbIE IIpeobpa3oBa-
HUA, & IIOTOM JOKAXKeM, 4TO MOoaydeHHas pyHKIHA OyIeT ABJIATHCHA PELICHHEM.
Ounpenenum HOBYIO GyHKIMIO v(Z,t) KAK Opou3BeIeHre AByX (ByHKIMIi:

v(z,t) = X(x)T(t).
ITorpebyem, 9TOOBI OHA Y/IOBJIETBOPSIIA YPABHEHUIO TEILIOMPOBOIHOCTH:
T' ()X (x) = a® X" (x)T(t).

Paznenus na a?X (z)T'(t) u 3ameTus, 4TO CJIeBa U CIPaBa CTOAT (YHKIUHU, 3aABUCAIINE OT PA3HBIX TIEPEeMeH-
HbBIX, IIOJIyYUM:

rme A = const > 0.



Orcroma moydaem 1Ba ypaBHEHUSI:

X"(z) + N X (z) = 0; (2.8)
T'(t) + a®> X2 T'(t) = 0. (2.9)
Az —a?2\?%t

Jlerko Bugerb, uro dbyukiusa X (x) = e Gyzer pemenuem (2.8). Anamoruuno, dbyukuus T'(t) = e
Gyaer sBasThes perterreM (2.9). CienoBaTenbHO,

o(z,t) = ei)\w—az)\zt
)
— pewenue (1). OueBuano, byHnxuus

uy = A()\)ei)\w—az)\Zt

roxke Oyzer gacrubiM periervem (A(M\) — nmekoropas dbyukuus). Tenepb onpenesum UTOroBy0 (DYHKIUIO CJie-
JYIONUM 00pa3oM:

w(z, t) = / A(N)eha=at Xt gy

ITorpebyem, 9TOOBI OHA Y/IOBIETBOPSIA HAYAJIHHOMY YCIOBUIO:
u(z,0) / AN dA

Corutacuo Teopuu npeobpasosanus @ypbe, orcioga jerko naxogurcs A(N):
1
AN = oy /e*“‘sqﬁ(s) ds
Urak, nonygaem cnepyrowmii Bug dyukuun u(z, t):
+o00 1 |' 400 '| 400 |'+oo 1 '|
u(z,t) = /% [/e“‘sqﬁ(s) dsJ eie—a* At gy — / [ %ei’\(zs)“%‘ztd}\J ¢(s) ds.

IIposens BbraucaeHUE BHYTPEHHETO HHTErPAIa (KOTOPbIE MBI OIyCKAEM ), IIOJLy 9MM OKOHYATEAbHYIO (POpMYJLy
st u(z, t):

(x—s)*

/W S
o=

——1}¢(s) ds. (2.10)

O6osznaaus G(z,s,t) =

exp{—

}, mosyuum

+oo
u(z,t) = /G(x,s,t)¢(s) ds.

IMokazkem, uro dynkuusa G(x, s,t) ABAAETCA PENIEHUEM yPaBHEHUs TEILJIONPOBOJHOCTH NP (DUKCUPOBAHHOM

1
Vamra?

1 (x —5)? 2(x—s)\
Gw(xasat) W p{ 4a2t } <_ 4a2t > )
1 (x—3)%, (z—s)? 1 (x — s)? 2\
Gex(w,8,1) = W p{— 4a2t } 4att2 + \/m exp{— 4a2t } <_ 4a2t> ;
Gi(z,s,t) = —72 IroTE exp{—($4;2j) }+ \/471r7 xp{— (= ;Zi) }(ZG_Z:Z)
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Jlerko TpoBepuTh, uTo Gy(,5,t) = a’Gue(z, s,t).
Temephb TOKAYKEM, 9TO MPHU OMPEJIEJICHHBIX OrPAHMYEHUSIX Ha, HAYAJIbHOE YCIOBUE MOJTy 9eHHAs (QyHKIHUs Oy 1eT
CyLIECTBOBATD.

Teopema 2.6 (cymecrBoBanus). [lycmos gynryus ¢(x) 3adaem nawaavnoe ycaosue 6 3adave Kowu [2.4],
npuuem ¢(z) € C(R), |p(z)] < M, Vz € R. Tozda gynrxyus u(x,t), onpedeasemasn popmyaot (2.10), nenpepwie-
na npu x € R, ¢ > 0, umeem nenpepuenvie wacmuse npoudeoonvle Uy, Uy, npu x € R, t > 0, ydosaemeopsem
ypasrenuto menaonposodnocmu npu x € Rt > 0 u Vag € R tl_l)rgr u(z,t) = ¢(wo).

z—a(

3ameuanmne. [lociennee yrBepKaeHre TEOPEMbI O3HAYAET, YTO (DYHKIIHA

+00
1 (x —s)? '
u(z,t) = / mexp{—w}gb(s) ds, t>0;
i ¢(z), t=0.

nenpepbiBha B (z,t) : z € R, ¢ > 0.

Hoxazameavcmeo. (1) Hokaxkem nenpepbiBuoctb u(x,t) upu x € R, t > 0. djsi 31010, 04€BUIHO, JOCTATOYHO
JIOKa3arb, 410 byHKUUA HenpepbiBHa B upsMoyronbuuke g o 7 = {(z,8) : —L < 2 < L; to <t < T}, rue
L, ty, T - npou3BOIbHBIE MTOJIOKATEIbHBIE KOHCTAHTBI.

IMogsraTerpabuble GyHKIME, OI€BUIHO, HenpepbIBHEL B 117, 7. Torma ajs qoka3aTenbCTBa HEIPEPHIBHOCTH
dbyukuun u(z,t) B IIf ;) 7 JOCTATOYHO MOKA3aTh PABHOMEPHYIO CXOAUMOCTH HHTerpasa (2.10). Urobnr mpume-
HUTH Npu3HaK Beflepiurpacca paBHOMEPHOl CXOAUMOCTH, HOCTPOUM Takyto dyHKuuio F(s), 4robb

|G(z,s,t)| < F(s) Va,t € IIL 4,15
—+oo

Nurerpasn / F(s)ds cxonuics.

—00

,H.HH 9TOr'o0 OICEHUM IIOKA3aTEJIb 9KCIIOHEHTHI JJId PA3JINYHBIX S:

(z — )
(x —s)? _ (L—s)? (x —s)? (L —s)?
> > — < — :
Hpu s > 2L t 2T 402t S 4a?T
(x —s)? _ (L+s)? (x — s)? (L +s)?
11 < =-2L > = — < -
PRSS t - T da2t Y 4a’T

ITpu ty < t < T BTOPO# cOMHOKUTED B uHTErpaJe (2.10) MOXKHO OIEHUTDH TaK:

1 1
<
Vara2t = Vara2t,

B wurore nosyuaem orpanudensocrs |G(z, s,t)| cBepxy:

( 1
8| < 2L
vV 47T&2t0 | |
1 (L —s)? L?
- - > 2L
Gle.s,tl S F6) =9 Jhmam, P Taa@r T aarh #2020
1 (L+s)? L
- < —2I;
\ \/47T(12t0 eXp{ 4a2T + 4a2T}’ ¥ ’
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LZ

4a2T
U3MEHWUT ONEHKH CBEPXY ).

— cllaraeMmoe B [IOKA3aTesie 9KCIOHEHTe ObLIo JobaBieHo s HenpepbiBHocTd F'(s) (04eBHIHO, OHO HE

+oo
Hasmaue 9KCIOHEHTbI TOBOPUT O ToM, 4To unrerpan [ F(s)ds cxomures. Takum 06pa3om, HCHONB3yst Orpa-
—0oQ
HUYEHHOCTH |¢()|, MBI MOXKEM MOJLYJIb MOABIHTErpaIbHON hyHKIWHA B (2.10) onennts cBepxy dbyukuumeit M F(s),
COOTBETCTBYIONIWI WHTErpaj OT KOTOpOoii cxoaures. Ilo mpmsnaky BeliepmTpacca MbI oydaeM paBHOMEPHYIO
CXOAMMOCTD UCXOIHOIO HHTErpaja U HepepbBHOCTh MyHKumu u(x,t) B I ¢ 7.
(2) IToxazkem HENPEPBHIBHOCTD YACTHBIX IPOU3BOAHBIX Ha TOM 2Ke npsmoyroisauke 11 ;o 7. JJokaxkeMm venpe-
PBIBHOCTD Uy, U3 dopmysbt pist G(z, s,t) cuepyer, 4ro:

1 L? +2Ls + s?
- =F .
2a2t 4a?t? 1()

|G (,5,1)] = |%G(x,s,t) - ﬁG(x 5.8)| < F(s) [

MHorodien BO BIOpOM COMHOXKUTEJIE, OYEBUIHO, HE u3MenuT unrerpupyemoctsb F'(s). Torna nonydaem

Ugq (T, 1) = /G”mst)qﬁ /|Gmmst)||¢( )| ds < M/F1 ds < 00

— TO €CTh PABHOMEPHYIO CXOJMMOCTb MHTETPAJA OT MPOU3BOJHOMN, a, CIEOBATEIHHO, U HEMIPEPBIBHOCTD Uy ().
HenpepbIBHOCTD 1y JOKA3BIBACTCSA AHAJIOIHYHO.

(3) Msr nmokasainu, uro dbysxuus G(z,s,t) dABIdgeTCs PeIIeHHeM ypaBHEHHs TeronpoBogHocTr. OTciona
HOJTy 9aeM:

+0oo +oo
ug(x,t) = /Gt(x,s,t)qb(s) ds = a*uge(x,t) = a* /Gm(x,s,t)qb(s) ds.

— 10 ectb Gynxuus u(z,t) TOKE yJOBIETBOPAET yPABHEHUIO TEILIIONPOBOJLHOCTH.
(4) Urak, Ham 0CTAI0CHh A0KA3ATH, YTO

Vzo € R tl_l)r& u(z,t) = ¢(xo)-

z—=azq

To ecTb, O ompeneeHnI0 Tpeaena GyHKIun
Voo Ve >030: Va,t: t, |z —xo| <0 = |u(z,t) — d(x0)| < .
Dukcupyem TOUKY To u npoussosbHoe € > 0. VI3 nenpepsiBHOCTH G(T) Caenyer, 4ro
A |z — 20| < A = |¢(x) — (w0)] < Z.

Paccmorpum |u(z,t) — ¢(zo)|:

lu(z,t) — m0|—|/G;rst s)ds — ¢ |/Gmst ds|+|/Gmst)(s)ds|+

zo+A zo+A rota
" / Gz, 5, 1)(B(s) — b(z0)) ds] + | / Gz, 5,8)(0) — B(a0)] ds|.
wo—A .Z‘o—A

0603Ha9MB IO TOPsJIKY UHTErPasbl cuMBOIaMu Jy, Jo, J3, Jy, moxyaum

(e, t) = ¢(xo)| < |J1| + |Ja| + |J5] + |Ja-
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+oo

€
Ouenum J3. Mbrl y2ke 3uaem, aro |¢(x) — ¢(zp)| < — B A - okpecrrnocru. Torua, yuursias, 4ro /Gds =1,

4
—0oQ
IOJTY IHM
zo+A 960+A
Js| = | / Gla, 5,8)(6(s) — d(z0)) ds| < / G, 5.1)d /G“t
zofA
Orcrona moy4daem, 910
£
| 3] < 1

Tenepn norpebyem, 4robsl | — zo| < 01 < %. Bce nanpreiimme OmeHKH IPOBOAATCS TOMBKO IS TAKUX .
Ouenum |Jy|:

zo+A zo+A
=1 [ (G5 06@) = dleo)) s < o)l | [ (GG = 1] ds| = 2 = S} =

$07A zofA

zO+A z
V 4a
= [¢p(z0)| / e dz —1].
2g—A—2
s
Yuenbinas ¢, Mbl HIOJy4YUM CTPEMJIEHHE BEPXHErO Ipeesia WHTErPUPOBAHUSA K +00, a HUKHEIO0 — K —O0.

+oo

CraemoBaTenbHO, TAK KaK / e dy = 1, To

w0+A @

T 1
9
J6s - VE < by |J4| | .’L’() / - dZ—1| -
4’
A \/_

@ — @

V4a2

Ouennm remeps |Jy|:

zofA
] = | / Gz, s, 1)9(s) ds| < |/

exp{~ =y 1) =

4a2t
—atap—A N
V4a2t
—{zwﬂ}—ﬂ / e d
Va2t N .
—0o0

AHaJIOrUYHO IpeAbLIy UM PACCYKAEHUAM, Mbl MOXKEM I10400paTh Takoe 03, 4ro V ¢t < d3

—zfzg—A

‘-
[l

€
CreposarenbHo, |Ji| < T Takast 2Ke OleHKA BepHA U Jjid |J2| (10Ka3aTEIBCTBO AHATIOIHYHO).

Si=
n-h.l m

Wtak, MBI TOTYyIUIIH, ITO
u(e,t) = d(wo)| < || + [ o] + | Js] +[Ja| e =
= Vo Ve > 035 = min(d1,d2,03) : Va,t: ¢, |z —x0| <6 |u(z,t) — P(zo)| < €.

Teopema, MOJHOCTHIO JOKA3AHA.
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CueacrBue 1. BamerM, 9T0 OpH BbInonHeHNH yciioswit reopemsr (¢(x) € C(R)|, |¢(x)| < M) mbl nomydaem
OrPAaHMYEHHOCTH U (T, t):

+00 +oo
lu(a, 1)) = /|G(;v,s,t)||¢(s)|ds < M/G(J;,s,t) ds = M.

CaencrBue 2. Takyke MOXKHO 1OJIy4uTh Geckoneunyto juddepenuupyemocts u(z,t) na R x RT. B srom
cirydae

O ' oea (
dzkotm | xkotm

— 00

,5,)p(s)ds, (k+m =p)

a 9TOT MHTErPaJl PABHOMEPHO CXOJMTCS, YTO MOKHO IIOKA3aTb TEMH K€ YTBEPXKJIEHUSIMH, YTO U B JOKA3a-
TEJBCTBE TEOPEMBI.

Caencrue 3. I[lpunss yciosue 3agaun Komm, Mbl nosydaem "6eckoHedHyio" CKOpPOCTH pacipoCTpaHe-
uus Teria. Ipencrasum, 9ro menpepbiBaas Gyskimsa ¢(x) = u(x,0) paBHA HYJIO BCIOLY, 328 UCKJIOYEHUEM
HEKOTOpOro orpeska [a; b]. Toraa moxydaem, 4To

b
u(z,t) = /G(x,s,t)qS(S) ds >0Vt >0, Ve € R

2.8 EjgmacTBeHHOCTH perienuda 3amadn Komm

WNrak, Mbr qoKa3amm cymecTsoBanue peinenus 3aa49u Koy /1jisi OrpaHnYeHHOr0 U HEIIPEPHIBHOIO HAYAIHLHOIO
ycsioBus. [lokaxkem, 9T0 B 9TOM Cily4dae PelleHue eJIuHCTBEHHO.

Teopema 2.7 (eguucrBenHoctn). [lycmo dee dynxyuu uy, us(x,t) nenpepuenve na (R x RT), asasromea
pewenuamu 00nol u mot sce sadawu Kowu [2.4], npuvem

Jui(z,t)| < M, Y(z, t) e R xR
8’&,’ 62U,'

E, W € C(]R X ]RJ'_)

i=1,2.

Tozda uy(x,t) = us(x,t) V(z, t) € (R x K+)

Joxazamenvcmeo. Beenem wosyio dbyuxkumio u(x,t) = ui(x,t) — us(x,t). OueBuano, ona takxke Oyaer Henpe-
PBIBHA, TPUYIEM

ug, Uge € C(R x RT);

U = agg;

u(z,0) =0, Vz € R

lu(z,t)| < 2M, Y(z,t) € R xR ).

OdeBuHO, 115 JOKA3aTEIHCTBA TEOPEMbI JOCTATOYHO MOKA3aTh, 9YT0 (hyHKuusA u(x,t) TOKIECTBEHHO PABHA
HYJIIO, TO €CTh PABHA HYJIIO B IPOM3BOJILHON TOUKE (Xg, to)-
st aroro Bozbmem takue koucrantbl L u T', urobbt Touka (zg,tp) COAEPKAIACH B PAMOYIOJIbHUKE

Orr ={(z,t) : || <L,0<t< T}, T'rr - ero rpanura.

4M g

F( D) +(12t).

PaccMOTpIM HOBYIO BermoMmoraTeabuyio dbyakmmo v’ (z,t) =

JIerko mpoBepuTh, UTO
vf, vi, € Ollpr];
vf = a*vl, € C[lL7).
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Kpowme Toro, 1y1a Hee cpaBeinBbI TaKue OlleHKHU Ha rpanute ['pr:

4M | L?
UL(Lvt)a UL(_Lat) < F(? + 0) = 2Ma
4M ?
L —

U3 ucxoaHbIx oneHok aiad u(w,t) momydaem, uro v (x,t) > wu(x,t) seiomy ma ['p7. Cornacho npunummy
MAKCHMAJILHOTO 3HAYCHUS
vl (x,t) > u(z,t) V(z,t) € Opp.

Ananoruuno, —v¥(z,t) < u(z,t) V(z,t) € Il 7. U3 sToro cienyer, uto

aM 2 .
|u(zo, to)| < v*(wo,t0) = ﬁ(?o + a’ty).
Yerpemus L k 6eckoneqHocTH, 0oty duM, 910 |u(zo, to)| < v°°(xo,to) = 0. Teopema nokazaua. O

2.9 CymecTBoBaHue pellleHUus MEPBOil M BTOPOIi KpPaeBoii 3aga4u /iJisi yPaBHEHUHA
TENJONPOBOAHOCTH HA IOJIYIIPAMOI

Paccvorpum nepByro KkpaeByio 3aJa4dy Ha IIOJIYIIPSIMOI:

U = @ Uge, x>0,t>0;
[2.5] u(0,t) = 0, t>0;
u(z,0) = ¢(z), =z20,

rae ¢(0) = 0.
Haiinem ee peuienue, noonpejesus HedeTHbIM 00pa3oM GyHKUMIO ¢(T), 3a4aI011y0 HAYAIbHOE YCJIOBUE HA
BCell BellleCTBEHHON OCH:

_ ¢(z), x> 0;
®(x) = { —¢(—x), x<O0.

CoOTBETCTBEHHO, PACCMOTPUM TaKyI0 3amady Kormnm:

U = a*Uy,, —oo0<z<400,t>0;
[2.6]{ U(0,t) = O, t>0;
U(z,0) = ®(z), —-oo<zx<+o0.

Ee pemrenne nam m3BecTHO:

(z —5)?

+o0 1
)= | — —————1}®(s) ds.
Ul(z,t) / g exp{ ypen 1d(s) ds
Mycrs u(z,t) = U(z,t) upu (z,t) € (@4_ X R+). IMokazkem, uro sra dyHKuus sABigercd pewenueM [2.5]. 113

nocraHoBKH 3aga4u Komn [2.6] oueBrgno, 4ro

U = 0*Ugy, T>0,1>0;
u(z,0) = ¢(x), =x2=0.

IIpoBepum BbITIO/IHEHWE TPAHUYIHOIO yCJIOBUS:

82

+00
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ITox wuaTErpaOM CTOWT MPOU3BEIEHNE YETHON M HEUETHOHN (DYHKIWIA, CIeI0BATENbHO, OH paBeH HyJ 0. ['pa-
HUYHOE yCJIOBUE BBITOIHEHO. [loyunm Teneps moHyo hOpMyay [JIsi PEereHus:

@=5P

4a2t

t) 24\/;7 exp{—

0 2

By S wﬁ e
- (RS L S
Uraxk, 0 .
0= [ = [eot-E) - e as (211)

— 3TO U €CTb pelIeHune HepBOI/I KpaEBOI/I 3aJaYu Ha HOJ'IprﬂMOﬁ.

Bropas kpaeBad 3ajgada Ha HOJyHOPAMOIL.

Bropas KkpaeBasi 3aja4a Ha MOJIyIPSAMOM MMeeT CIeAyIONni BUI:

u = a*Uge, T>0,t>0;
[2.7] ¢ u,(0,t) = 0, t>0;
u(z,0) = ¢(z), z=0.

CHOBa /1151 TOWCKA PeIieHusi J0ompeaenM (YHKINIO, 33Ja0IyI0 Ha9aIbHOE YCJIOBUE, HO HA TOT Pa3 deT-

HBIM 00pa3oM:
_| ¢@), z>0;
®(x) = { b(—-z), z<0.

W3menuB ucxomuyio 3a1a4dy, HOAyIuM TaKyio 3aaady Komm:

U, = ?Uze, —00<x < 400, t>0;
U©,t) = o, £>0:
U(z,0) = @), —oo<z<-+o0.

Anasiornuno, pewenuem ee oyaer dyukuus U(z,t) xp{— ( ) 1®(s) ds. Iycrs u(z,t) =

/\/F

U(z,t) upu (z,t) € (K—’_ X @4_). Ounsdrp ke, O4€BUIHO, YTO

U = a*Ugy, T>0,1>0;
u(z,0) = ¢(x), x2=0.

IIpoBepum BbirIO/IHEHEE KPAEBOI'O YCIOBHSL:

ug(z,t) = Up(z,t) = /\/ﬁ <_(3’2a—2:)

>exp{ u}@( )ds =

uz (0,) = exp{— }‘I’( )ds Vt >0

1= [ )
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ITox moyuuBmIMMCsT MHTETPAJIOM CTOAT MPOU3BEJIEHUE IBYX YETHBIX W OJHON HedeTHO! (hyHKIwmii, cieaoBa-
TEeNIbHO, OH O0paIaeTcss B HOJIb. I'paHudHOe yciioBue BbinosnHeHo. [lomyunm dbopmyny mis pernenns [2.7]:

= [ oot d”/ T A= e
0

N T

— 9TO pelleHue BTOPOI KpaeBoil 3aJa4yM HA MOJYNPSIMO.

o

2.10 ®Pysknua I'pumaa ajig nepsoil KpaeBoil 3aga4un

PaccmorpuM nepByio KpaeByio 3a/1ady:

g = aPUge, 0<z<I, t>0;
u(0,t) = 0, 0<t< Ty
u(l,t) = 0, 0<t<T;
u(z,0) = ¢x), 0<z<l

Kak y»ke m3BecTHO, ee pelrenne 3aJaeTcsa CAeayIonuM 00pa3oM:

~| N

u(z,t) = z_: /¢(S) sin(?s) ds sin(?x) exp{—a® (?) t}.

Mb1 MoxKeM opeacTaBUTb €ro B HECKOJIbKO MHOM BH/IE, KAK Y2Ke€ AeJIaJIU IIPU PDEIICHUN 3a/1a91 Kormu:

l

u(z, 1) = / Gz, 5,1)b(s) ds,

0

e 2
rae G(z, s,t) Z% i ﬂ sin(?m) exp{—a’ (ﬂ) t} (2.12)

— dyuknua I'puna nust mepBoii KpaeBoii 3agadmn.
JlokazkeM HEeCKOJIBKO CBOiCTB dyukiuu ['puna.
CsoiicTBo 1.

G(z,s,t) = G(s,z,t).

DTO CBONCTBO 0YEBUIHO M3 Oompeesenns dbyuknun ['puna.
CsoiicTBo 2.

G(z,s,t) € C°(R x R x RM).

Joxazamenvcmeo. JlokarxkeM HENPEPBIBHOCTD B TOYKE (&, $, t). Jig 9TOro JOCTATOYHO 3aMEeTUTh, 4TO mpu t > to
Psil paBHOMEPHO CXOIWTCH IO NMpHU3HAKY Belfepmirpacca, Tak KakK €ro MOKHO OI'PAHHYUTH CXOISIIUAMCS PSIOM

U3 9KCIIOHEHT:
|G (z, s,1)| Z jexp{ a (ﬂ-ln) to}.

n=1

st mokazarenberBa AudepeHIupyeMOCTH TOCTATOTHO 3aMETUTh, YTO P/l U3 MPOU3BOJAHBIX OyIeT PaBHO-
MEPHO CXOAMTHCs, TaK KaK 1pu 1udHEepEeHIUPOBAHAN B KAY€CTBE HOBBIX MHOXKHUTEJEH MOABATCS TOJBKO MOJIU-
HOMBL OT 70, KOTOPbIE HEe HOMEIIAIOT — YKCIOHEHTA BCE PABHO ODECIEYUBAET CXOAMMOCTb. O
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CsoiicTBo 3.

Gy = GQGmc;
Gt = (IQGSS.

ITepBoe ypaBHEHNE MOXKHO IPOBEPUTDH TPOCThIM Aud depenimposanueM dhopmyibt (2.12), a Bropoe — aud-
depennmpoBanreM ypaBHEHNS U3 CBOUCTBA 1.
CsoiicTBo 4.
G(z,s,t) >0, z,s €[0;1], t > 0.

Hoxazameavcmeo. JTokaxkeM 310 jjist IPOU3BOJILHOI TOYKM (Z, So,t). [lycrs dynkuus ¢y (x) paBHa HekoTOpPOil
HOJIOKUTEIBHON dyHKIMU ¢(x) Ha uaTEpBaJe (S9 — h; Sop + h), a BHe ITOro UHTEPBAJA PaBHA HYJIIO:

_ q~5(;17)>0, x € (so — h; so + h);
¢h($) o { O,h S [0,01] \ (800— h, So + h)

Kpowme Toro, ona y10BieTBOpSeT CaeAyIOMUM yCIOBUAM:

()EC[O E

/¢h

U 33/1a€T HAYAJIbHOE YCJIOBUE B HEKOTODON Kpaepoil 3azade tuna [2.2]. Torua dyukuus up(z,t), asisomascs
pelrenneM 3To# KpaeBoit 3a4a4u, 3a1aeTcst (POPMYJIOit:

l so+h

up(x,t) = /G(w,s,t)(j)h(s) ds = / G(x,s,t)on(s)ds =

0 so—h
so+h

= { Teopema o cpennem 3nagenun (5.1)} = G(z,0,t) / on(s) = G(x,0,t)ds, 6 € (so — h; so +h). =

So*h
= lim G(z,0,t) = lim up(z,t) =
h—0 h—0

G(z, so,t) = lim up(z,t). (2.13)

h—0

[TpuMeHuM OPUHIUT MAKCUMAJILHOrO 3HaueHus, 3Has, 910 up(0,t) =0 = up(l,t):

t) = 0,0, =0.
i, un(o.t) = minf0.0, 1min, o(o)}

Coruacuo (2.13), nonyuaem meorpunarebuocts G(x, o, t). CoiicTBo 4 HOKa3aHO. O
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3 YpaBHEHUS IJIUINTUIECKOrO TUIIA

I[IycTs () — HeKOTOpad OTKphITad 061acTh B B3, orpanmdaennas kpusoit ¥. Amagormaao, D — HEKOTOpas OTKPBITAS
obsacrs B E2, orpanuyennas kpusoii L.

3.1 VYpaBuenus Jlangaca u Ilyaccona. IloctanoBka KpaeBbIX 3amad. PyHIaMeH-
TaJIbHbIE pelleHns ypaBHeHud Jlammaca

Paccmorpum rakue ypaBHeHHs TENIONPOBOSHOCTHU:

ut(m,y,z,t) = CL:ZAU(.’L’,y,Z,t)-f-fl(.’L’,y,Z), (
u(z,y,t) = a*Au(z,y,t) + fo(z,y), (

Z,1Y,2) €Q; Au = Uyy + Uyy + Uss;

x,y) € D; AU = Ugy + Uyy-

B ciyuae crammoHapHOrO TEmmoBoro mpomecca (u; = 0) MBI TOMy9aeM ypaBHEHUS IIJIUNTHICCKOTO THUITIA:

Au = —f. IIpu s310M 13 061Er0 BU/A [OAYYAIOTCA JIBa TUIA ypaBHEHUii:

( 82u+82u+82u £ )

a5 ts5+t55=—f(r,y,2);

Or?  Oy? 022 ¥ 2); 3 9

. ) — ypasuenusd [lyaccona B E® u E~;

0%u N 0%*u Haw)
75 + a5 = —f(@,y).

L O0z2  Oy?

( 0%u N 0%u N u o
ox2  Oy? 022
0%u N 0%*u

L 022 Oy?

— ypasaenus Jlannaca 8 E3 u EZ;
=0.

DT ypaBHEHUS MUPOKO UCIOIb3YIOTCS TPY ONMUCAHUN PA3HOOOPA3HBIX CTAIIMOHAPHBIX (DUBUIECKUX TOJIEH.

Omnpeaenenne. Oyukimsa u(z,y, z) HaszbBaeTca TapMoardecKoit B 2, ecm u € C%(Q) u Au =05 Q.

Fapvonuveckune (QYHKIUU OT JABYX [EPEMEHHBIX MOXKHO IIOJIYYUTb, UCIOJb3Ys HOHITHE AHAIUTUIHOCTH
dbyukuun xkommekcuoro nepemennoro. B kypce TOKIT nokassiBasocs, uro eciu dyukuus f(z) = u(z,y) +
iv(z,y) anajurudna, 10 BoinoiHsoTcd ycinoBus Kowm-Pumana nis dyukuuit u, v:

{ ug (T, y) = vy(T,y);
uy(z,y) = —ve(2,y).

Huddepenmupyst BepxHee paBeHCTBO 0 &, & HUXKHEE — 110 Y, MOy IuM

= Ugy + Uyy =0

{ e (T, Y) = vya (2, 9);
Uyy(T,y) = —vzy(T,Y)-

Ananoruuno — mist Gyunkuuu v. OTCI0Ha MOXKHO CAeaTh BbIBO, 4ro eciau Gyukuus f(z) = u(z,y) +iv(z,y)
— aHAJMTHYCCKasd, TO (PYHKIMHA U, U — FADMOHUYECKHE.,
B nambHelimemM MbI 6yJeM paccMaTpHBaTh B mpocTpancTse E3 takme 3amaqnm:

Buyrpennss 3amaua Iupuxiie

{ Au(z,y,2) = 0, (z,y,2) € O

u(m7y7z) = /’L(may7 Z)? ('Z’7y7 Z) E E'

Buyrpennss 3amaua Helimana
Au(m7y7z) = 07 (:I:7y7z) E Q;
M 2) = vaw2), @) en
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Baenrusasa sagada /Iupuxiie

{ Au(r,y,z) = 0, (z,y,2) € B>\ Q;
u(m7y7 Z) = /'l/(m7y7z)7 (:I:7y7z) E E'
BHaemnasg sagagya Heilimana
Au(z,y,z) = 0, (z,y,2) € B>\
M r2) = W2, @2 €S,

EcrecrBento 0000IIMTh JAHHBIE 3a4a40 HA CIydail ypaBaenus [lyaccona.
Kpowme Toro, cymecTByIoT 1 AByXMEDPHbBIE AHAJIOTH, HAIPUMED:

Au(z,y,z) = 0, (z,y,2) € D; 9
— BHYTpeHHdAd 3agaua JupuxaeE-~.
{um%a = pey,2), (eyz)eLl PP A
Hokaxkem, 910 QyHKIINA
1 1

u(z,y, 2)

B Rum, V(@ —20)2+ (y — 40)? + (2 — 20)2

(Ramm, - paccrosiane Mexxay todkamu M (z,y, z) u Mo(xo, Yo, 20)) ABIsieTCS pelieHneM ypaBHenwus Jlamiaca B
E3\ My:

u _ 12@—wo) _ w—wo, u __3(:1:—:1:0)2_ 1
T2 Ry, Ry, R, R,
U _ 12y —yo) _ _y—wo. " :_3(y—y0)2_ 1
Y 2 R?MMO R?MMO ’ w R?MMO R?WMO
u _ 12(z—20)  z—%0, u __3(2—2’0)2_ 1
T2 Ry Ryv, Ry, B,
1 2 )2 )2
NN _ 3z —w0)® + 3(y5 Y0)* +3(z —20)* 33 —o
R, Ry u, R

,ra1e prmy, = /(T — 20)% + (y — yo)? Gyzer

B cayuae E2 jierko nposeputhb, uro gyukius u(z,y) = In
0

pemenunem ypasuenus Jlamnaca s E2\ M.
Otu hyHKINN HA3BIBAIOTCA (PyHAAMEHTAJIBHBIMYU PEIeHuAMU ypaBHenus Jlammaca.

3.2 1-g u 2-a dopmyasl I'puna
IlepBas dpopmyiia I'puHa.

IIycts moBepxHOCTH X COCTOMT M3 KOHEYHOTO YHCIA 3AMKHYTHIX KYCKOB, MMEIOIIAX B KAXKIOH TOUYKe
KacaTeJIbHYIO,IPUYeM JII0Oble MpsMble, MapaJsjesbHble KOODAUHATHBIM OCSM, [E€pPeceKaioT ee JinbOo B KOHed-
HOM dYHCJIe TOYeK, JubO M0 KOHEeYHOMY dHCiay orTpe3koB. Torma B obsjactu () nmias dyHKIyum /_f(;z:,y,z) =
{P(z,y,2),Q(z,y,2), R(x,y,2)}, rae P,Q, R € C*(Q) Bepna bopmyna Ocrporpaickoro-Laycca:

(A, 1) do = div Adr. (3.1)
) Q
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Mycrs u(z,y, 2) u v(z,y,z) € C2(Q) N CL(Q), A = u gradv. Torna no dopmye (3.1)

///div (u gradv) dr = //(u gradv, i) do =
@ D)

=< (gradv,n) = %; div (u gradv) = gradu gradv + uAv p = //u%da =
on on

/// ((gradu, gradv) +ulAv)dr = //u—da (3.2)

[Tony4uennas ¢popmyna HaszpiBaeTcs mepBoit dpopmydioi I'puHa.

Bropasa ¢popmysa I'puna.

ITomensiem mecramu B nepsoit popmysie I'puna Gyukuuu v u v . Berauras nosyuennoe pasencrso u3 (3.2),
nonyduMm BTopyio dopmyty I'puna:

/// ulv — vAw) dT—// (ug_:;_v_> do. 53

3.3 3-a dbopmyaa I'puna
Ucnonb3yem To, uT0 DyHKIMS
1 1

°- B, B V(@ —20)2+ (y — y0)? + (z — 20)2

ABJIfETCA pellleHneM ypapHenud Jlammaca B mpocrpanctse E3. @uxcupyem touky My € ) u okpyxuM ee cepoit
Y. mocrarouno manoro paguyca €. Toraa dyukmua v € C?(Q.) , rae Q. = Q\ Sy, (€) -

D)

Bosbmem HexoTopyio dynkmmio u Takyio, ato u € C2(Q) () C*(Q). Bammmenm sropyio dopmymy ['puma s
obnacru €).:

///uAv—vAu dT_//< ov _ 8“) do +//< v gu> o (Av= 0}
e ] (4 (o) st e)
I (o ) - )
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PaccmoTrpum moBesieHre BTOPOTO ABOMHOTO WHTETPAJIa MIPHA € — 0 W3BecTHO, YTO eAUHUYHAS HOPMAJIb 7 K
T—%o Y—¥Y% _z2—
Y

cdepe . B rouke {z,y, 2z} 3agaercs kak {— } CitetoBaresnbHoO,

)
Rarv,” Raw RMMO

_ 2 . 2 . 2
2( 1 )z(ﬁ,grad 1 ):(ﬂ? $0)+(y Z/o)+(z4zo): 21 :iz'
R,

1 1
on \ Rara, Ry, Ry, Ry o Rym, €

Torga sToT WHTErpaJ TPeodbpa3yeTcst CaeAyImuM 00pa3oM:

168 ()= o

dre®  Ou AL 4re?
g2 on" °’ ¢

= { obmias TeopeMa o cpegHeM 3HaudeHun } = u(M])

= 4dmu(M]) + 4ﬂsg—n(ME”),

rae M, M! — rouku na cdepe ..

u
yCTpeMI/IM € K HYJIIO, YIUTBbIBasd OTPAHUYICHHOCTb ———:

on

0 c
dru (ML) + 4#58—Z(M5”) =9 dnu(Mo).

IMepenecs B ucxoaHoit hbopMyJie 4acTh CIaraeMbiX B MPaBYIO 9acTh, moayuuM dhopmyiry mis u(Mo):

dmu(Mo) = /// Ry, Au(M)dry = // { <RJ;MO> - RJ;MO Z_Z(M) dow (34)

Ora GopMya HA3BIBAETCS TPEThel Q)opMynon T'puna.
IIpoBes aHAJOTHYIHLIE PACCYRACHAA B E?, erko MomyInTh AByMepHBIE aHAJIOTH BTOPOil W TpeTheil (pyHK-

mmit I'puna:
Ov Ou
//(uAv —vAu)ds = / <u% - v%> dl.
L

2ru(My) = //ln Auds—/ 9 In 1 —1In L 5_u dl.
PM Mo, “on PM Mo, pPMM, ON

3.4 CsoiicTBa rapMOoHUYecKnX (PyHKIMi

Hamomuaum omnpenenenwue.
Onpenenenne. OyHKIMA U Ha3bIBaeTcs rapMoHmdeckoii B obmactu Q, ecmn u € C2(Q) mw Au =035 Q.
CsoiictBo 1. Ecim v — rapmormndeckasi B {2, TO

ov
/ %da—o
)

rae Y- TPpOU3BOJIbHAA 3aMKHYTasl MOBEPXHOCTD, JIezKalllasd B Q.
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Joxazamenvcmeo. Tlonoxus B nepsoit Gyukuuu ['puna (3.2) mia obractu, orpanudennoii X, v = 1 (oueBugHO,
u — rapMoHHuYecKas (YHKIMs ), Oy UM
/ —do = 0.

O

CsoiictBo 2 (Teopema o cpenem 3Hadenun). Ilycrs dbynkuus v — rapmonndeckas B ). Torma st
s000it Touku My € Q u ajist g1060#t cdepst 3, pa;myca a ¢ ieaTpom B My, stexkarras B {) cupaseyuBa popMyia;

u( M, P)da. (3.5)

X

Joxasamenvcmeo. 3anumiem Tperbio dbopmynny [puna (3.4) pyisa BayTpeHHOCTH ChEPBI X4t

o3 ()~ ] 2= G () ===
Z—//uda+//1 ou

ITo mepBOMYy CBOMCTBY rapMOHWYECKON (DYHKIMM BTOPOI WHTErpaji OOpAIIaeTCs B HOJb U MBI MOJLy9aeM
J10Ka3aTesIbCTBO (bopMyJibl (3.5). O

47TU(M0)

CsoiictBo 3. Eciin pyHKuus u — rapMonndeckas B {2, To oHa beckonedno auddepermupyema B Q.
Cuosa 3anuiiem tperbio dhopmyiy 'puna (3.4) mna u(M) = u(z,y, 2):

dru(z,y,z) = —//
by

0 1
P)—— A ‘ = | —
on \\/(z—P,)?+(y—Py)?+(z—P.)?
1 Ou(P)
VE- PP +G-B) + - P On
Buago, uro eciu rouka M He siexkur Ha rpanuue (), ro noapinTerpasibias Gyukuus 6eckonedno audde-

peHuupyeMa 110 napamerpy & (a Takzke 10 ¥, z). I3BecrHo, 410 B 9TOM C/1ydae 1 BECh UHTErPaJl, a CJeJ0BATE/IbHO,
u byukuus u(M) asnserca Geckoneuno quddeperuupyemoit GyHKIHE.

dO'p.

3.5 Ilpunnun makcumMyma AJd rapMOHMYecKuX (pyHKIIi

Csoiicrso 4 (IIpuamun makcumyma). Ecn bynkmus u € C(Q) u rapvorndeckas B (), TO OHa JOCTHTAET
cBOEro MakcuMyma (MUHUMyMa) Ha FPAHUIE 00JIaCTH:

max u(M) = max u(M);

MeSQ MeX
min u(M) = min u(M).
Meﬁ MeX
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Zoxaszameavcmeo. Ilpeamnonokum, 9T0 (DyHKIMS TOCTUTAELT, HAPUMED, MAKCUMyMa B HEKOTODO# BHyTpEHHEH
Touke My:

u(Moy) = Egéu(M)

Torma o dopmyste cpeanero 3Hauenus (3.5) (@ - JOCTATOUHO MAJIOE YHUCIIO)

u(Mq

1
P)dop < 2/ u(Mo) do = u(Mp).
4ma

Tak kak dynxuus u — nenpepbiBaa, 10 u(P) = u(Mp) (10 ecrb Makcumym jgocruraercs Ha Beeit cdepe).
[Tponomkast 3T npeobpa3oBaHus HyKHOE KOJTMIECTBO Pa3, MOy IUuM, 9TO MAKCUMYM JOCTUIAETCS U HA TPAHUIIE
TOXKe. |

3.6 EImHCTBEHHOCTb W yCTONYMBOCTH peIlleHns BHYTpeHHell 3amgadm /lupuxie

3mech u gasee GYyHKIUHU [ ¥ ¥V — HEKOTOPbHIE 33 JaHHbIe (DYHKITUH.
Oupegesienune. @yukuus u(x,y, z) HA3bBIBAETCA pellleHUEM BHyTpPeHHel 3amaum Iupuxiie, eciii OHA
YJIOBJIETBODsieT CJleAyIomuM TpeM cBoiicram: [3.1]

(1) u(z,y,z) € C(Q), ue C*N);
(2) Au(mayaz) = 0, (m,y,z) € Q;
) ulzy,2) = @,y 2), (z,y,2) € X.

JlokazkeM TeopeMy €IMHCTBEHHOCTU HEIPEPHIBHOTO U TAPMOHUYECKOTO B {) perneHus.

Teopema 3.1 (exuncrsennoctn). Ilycmo gynryuu ui(z,y, 2), u2(T,y, 2) ACAAOMCA PEUWEHUAMU EHYMPEH-
netd sadavwu Jupuzae [3.1]. Tozda ui(z,y,2) = us(z,y,2) 6 .

JHoxazameavcmeo. OupenenuM HOBYIO (DYHKIUIO U = U — Ug. JIErKO BuJeTh, 9TO OHA HenpepbiBHA B (), rap-
monudeckad B ) u v(x,y,2) = 0, (v,y,2) € X. Torma mia QyHKIUM U BBHINOJHEHBI BCE YCIOBUS MPUHIIUIIA
MaKCAMAJILHOTO 3HAYCHUS, CJIEOBATEHHO

maxv = maxv = 0
Q b))
= v(x,y,2) =0, (z,y,2) € Q.
minv = minv =0
b))
Teopema mokazana. ([l

Temepb MOKazKeM yCTONIMBOCTD peIeHrs] BHyTpeHHell 3aa4un upuxie, HO cHadasIa, JOKaKeM CJIeITYIOMNTyI0
JIEMMY.

JIemma 1. ITycmo dynxyuu ui(z,y, 2), us(z,y, 2) maxue, wmo:
1. uy,uz € C(Q);
2. ui,us — eapmonuvecrue 6 S;
3. uy(z,y,2) = us(z,y,2), (x,y,2) € X.
Tozda uy > us 6 ().

Joxasamenavcmeo. Cuosa paccMorpuM GyHKIUIO v = w1 — us. Torma v(z,y,z) > 0 wa X. Bocnonb3oBaBuimch
OPUHIUAIOM MUHUMYMa (OYEBUIHO, BCE YCJIOBUS BBINOJHEHBI), MOJLY IUM

minv = min > 0 = u; > uy B ()
Q b))

JlemMa moka3aHa. O
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Teopema 3.2 (ycroituuBocru). Ilycmo dynryuu ui(x,y, z), us(z, y, 2) maxue, wmo:

(1) Uy, U € C(ﬁ), Uy, Us € CQ(Q)
(2) Aul(mayvz) = AUZ(mayvz) = 07 ('rvyaz) € Q;
(3) ui(:v:yvz) = ,U'i(:vayvz)v ('rvyaz) € Ev i = 172

Tozda max |u; — usz| < max |1 — pal.
Q

Zoxazameavcmeo. O6o3HaYUM € = mgx |1 — p2|, v = ug — us. Torma v — rapmonnveckas B 0, —¢ < v < € upu

(z,y,2) € L. Torpa, npumensisa jemmy s nap dbynkuuii (—e,v) u (v,€) (04eBUAHO, €€ yCJIOBUS BbIIOJIHEHBI),
HOJIy91M, 9TO
—e<v<e (2,y,2) EQ = |ug —uz| <eB

Teopema mokazana. [l

Caeacrsue. [Iycrs kaxkaas QyHKIUSA U3 MOCIEA0BATENLHOCTH Uy (X, Y, 2), & Takke dyaruud u(x,y, z), aB-
JIsieTCs PEelIeHreM COOTBeTcTByIome 3anaqn Jupuxie upu u,, = i, Ha 3, v = i #a X. Torna u3 paBHOMEPHON
CXOIUMOCTH fin, (fby, = g HA X)) catepryer, 4ro U, = u B ().

3amedanue. /[oka3aHHbIE TEOPEMBI IOJTHOCTHIO CIPABE/IJIUBLI U JJIsl IBYyMEPHOTO Cydasd. UToObI yOeauThes
B 9TOM, JOCTATOYHO MPOBECTU AHAJIOTUIHBIE PACCYKICHUS.

Teneps paccmoTpum Apyroit BapuaHT 3aga4uu lupuxie - BHEMHOW 3334y Jdupuxiie.

3.7 EnmHCTBEHHOCTH pelnieHus BHellHel 3aga4yn Iupuxie

Buemnaga 3amada /Iupuxiie B mpocTpaHCTBeE.

Oupenenenne. Oyuruus u(z,y, z) HA3bIBAETCs pellleHUEM BHelHel 3amaun JIupuxie B IpOCTPaHCTBE,
€cJI OHa YJIOBJIETBODSIET CIEAYIOMUM yCIoBusM: [3.2]

(1) ulwyz) € CE\Q) -
(2) Au(z,y,z) = 0, (z,y,2) € E°\ @

3 ulwyz) = wayz), (z,y2) €l

4) u(z,y,z) = 0 (paBHOMEDHO CXOAUTCs K HYJIIO) 1pu (T,Yy,z) — 00.

JlokaxkeM, 9TO HEeNpepbhIBHOE pelleHne eIMHCTBEHHO.

Teopema 3.3 (eguHcrBeHHOCTH). [Tycmo uy,us(T,y, z) - makue PyrKyuy, ¥mo

(1) u17u2($7yvz) € C(E3\Q);

(2)  Au(z,y,z) = Aux(z,y,2)=0, (z,y,2)€E°\Q;
(3) Uy, uz(m,y,z) = ,u(;r,y,z), (.’L’,y,Z) €x.

(4) Uy, u2(.’L',y,Z) = 07 (.’L’,y,Z) — 00.

Tozda ui(z,y, 2) = uz(z,y,2) 6 B>\ Q.

Joxazamenvcmeo. Ilycers v(x,y,2z) = ui(z,y, z) — uz(z,y,2). Torga v yI0BIETBOPSET YCIOBUIM TEOPEMBI [IPU
w(x,y,z) = 0. JokaxkeMm, uro dDyHKIM v TOXKIECTBEHHO PABHA HYJIIO.

[peanonozkum nporusroe: IMo (2o, yo,20) € E* \ Q @ v(20,%0,20) = A > 0. Torma u3 onpesenenus
PABHOMEDPHOHN CXOAMMOCTH CyIIeCTByeT Takasi chepa Y g pamguyca R, nomHocTbio comepxkaas ) u Touky Mo,

qro |v(z,y, z)| < 7 (z,y,2) € ¥g. Torna

?

NES

maxv(z,y, z) <
Xr

v

minv(z,y,2) > -
Xr
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[TpumMeHuB K v NPUHIMI MAKCUMAJIHHOTO 3HAYEHUs B OTKPBITON obsactu (g (9310 06/1aCTh, OrpaHUYeHHAS
CHApYKU LR, & UBHYTPU — %), MOJLYIUM

A
niaxv—zmag v < 5; A
Q UXRr
R 4 = lv(zo, 0, 20)| < 3
minv = _ min v < ——;
Qn YUXp 2
MbI nosyuunsu nporusopedue ¢ rem, 4ro v(xo, Yo, z0) = A. Torna v(z,y,z) = 0 u reopema nokazana. O

ITpuseneM npuMep, MOKA3BIBAIOIINY BaXKHOCTE YCIOBHS (4).
IIpumep. IlycTs
Q: 2? +y? + 2% < a?;
Yt +y? 422 =d’.
PaccMOTpHM TaKylo TIOCTAHOBKY BHEIIHeH 3a1a4n JInpuxie:
1. ue C(E?*\ Q)
2. u — rapmonmueckas B E3 \ )
3. u(z,y,z) = C = const, (z,y,z) € X.

Ca .
Jlerko Bumerh, uro dyukuuu ui(x,y,z) = C u us(w,y,2) = — ABIAIOTCI PENICHUAMU JAHHON 3aa4u,

R

OJIHAKO U] 7 Uz , OITOMY B TOU HOCTAHOBKE €IMHCTBEHHOCTH HAPYIIAETCS.
Teneps paccMOTPUM BHENIHIOK 3324y HA ILJIOCKOCTH.

Buemnuas 3aJaga ,Z[npnxne Ha IIJIOCKOCTH.

Ounpegesienune. @yukuus u(x,y, z) HA3BIBAETCs pellleHUeM BHelHell 3agaumn Jlupuxiie Ha MIIOCKO-
CTH, eC/li OHA yJIOBJIETBOPET CJeayomum ycuiopusam: [3.3]

(1) u(z,y) € C(E*\D), ue C?*E*\D)
(2) Au(z,y) = 0, (z,y) € Ez \D;
3)  ulw,y) = plzy), (z,y) €

(4)  Ju(z,y)| < C=const, (z,y)€ Ez \D.

Teopema 3.4 (emuacrBenHocTn). Ilycmov uy,us(x,y) - maxue ynxyuu, wmo

C(E*\D),  ueC*E*\D);

(1) wi,us(z,y) € A\
(2)  Au(w,y) = Auy(r,y) =0, (2,y) € B*\D;
(3) U, U2 :v,y) = ,U,(J?,y), (:v,y) €L I
4)  |uley)| < c=const,  i=12, (x,y) € B°\D.

Tozda ui(z,y) = ua(w,y) 6 B>\ D.

Hoxasameavcmeo. Ilycrs v = uy — us. Torma byskuus v: v(z,y) = 0, (z,y) € L, |v(z,y)] < C = ¢1 + ca.
Joxkaxem, aro v(z,y) =0, (z,y) € E*\ D.

[Ipeanonozkum nporusHoe: cymecrsyer Touxka M*(z* y*), (z*,y*) € E? : v(z*,y*) = A > 0. Torma Bo3b-
MEM @ TaKOe, 4TO OKPYKHOCTb L, ¢ uenrpom B 1touke Mo(zg, Yo, 20) nonnocrsio Jjexur B D, u takoe R, 4ro
OKPYKHOCTHb L comepxkut obiacts D u Touky M*. Ompenennm byHKINIO

V@m0 + =)

U}R(l',y) :C ‘aR
In —
a

Bugno, aro
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1. wgr(z,y) € C(E*\ D);

2. wr(z,y) — rapmonnueckas B E? \ D;
3. wgr(z,y) > 0wna L;

4. wr(z,y) = C va Lpg.

13 sroro ciexyer, 910
{ |U(.’L’,y)| < wR(m,y), (.’L’,y) € La
|U(.’L’,y)| < C= wR(m,y), (.’L’,y) € Lg.
IIpumenus npuHIMI MAKCUMyMa, 1ojyduM, 4ro B Dy, — obsactu, orpanudeHHoit usnyrpu L u cHapyzku
Lg
lv(z,y)| < wr(z,y), (2,y) € DL, =
1y V@ —20)* + (" — 40)°
|U(.’L’*,y*)| gwR(fL’*;y*) =C %

In —
a

Yerpemnsisi R K OECKOHETHOCTH, TIOJIyIUM, 9TO
lv(z*, y")| < weo(z™,y") =0.

Mbr nosyuunsu nporuBopedre ¢ Tem, uro v(z*,y*) = A > 0, caegosarenbuo v(z,y) = 0. Teopema mokasaHa.
O

[Tpusesem npumep, MOKA3bIBAOLIUI BAXKHOCTD ycsioBus (4).
IIpumep. Ilycro
D: 2% +y? < b?
L: 22 +y*> =0

Paccvorpum Takyio mocTaHOBKY BHemrHe# 3amaqu Jlupuxite:

Au=0s E*\D;
u(z,y) = C = const, (z,y) € L.

.Z’Z + y2
.o [Yy b .o
3aJa491u, OJHAKO d)yHKIH/IH Uz HE OrpaHUYC€HA HUKAKOU KOHCTAHTOM, TIO3TOMY B 3TOU MOCTAHOBKE € JUHCTBEHHOCTH
HapyIlIaeTcd.

Jlerko Bugerb, uro dyukuuu ui(z,y) = C u uz(z,y) = C +1n SIBJIAIOTCSA PENIEHUsSIMU JTAHHON

3.8 Bmuyrpennsasa 3amaua Heiimana. Heobxonmmoe ycioBume ee pa3pemimnMOCTH.
E,[LI/IHCTBGHHOCTB peneHnnda

Omnpenenenne. Oynkuus u(r,y,2) u3 E3 nasvisaercs pemenmem BHyTpeHHeill 3amaunm Heiimana, eciu
OHA YJIOBJIETBODPSET CAEAYIOUMM TpeM ycaoBusM: [3.4]

1) u(z,y,2) € CYQ), ueC*(Q);
(2) Au(z,y,z) = 0, (z,y,2) €

(3) @2 = vleyz:), (9,2 €3

O6parum BHUMAHWE HA TO, 9YTO OT PYHKIMK U TPEOyeTCs: HEMPEPbIBHOCTh BMECTE C MEPBOH TPOU3BOIHON B
Q, B orimune ot 3ama4un Jupuxiie, B KOTOPOit TpebyeTcsi TPpOCTO HETPEPHIBHOCTb.

Heobxoaumoe yciaoBue pa3pelnmnMocTu BHyTpeHHelH 3amaun Helimana..
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Ipeanonoxkum, 9To u — perrenne [3.4], a v - mponsBoabHas ABaxkabl Aud depeHnupyMast GyHKIu. 3anuimeMm
At 3tux QyHKImi Bropyo dopmyay ['puna:

///uAv—vAu dT—//u—— —)da
//S—Zdaz//u(x,y,z)da:Q (3.6)
Y by

Pasencrro (3.6) Ha3bIBaeTCA HEOGXOAMMBIM yCJIOBHEM pa3pelmMOCTH BHyTpeHHel 3amaun Helimana.

JokazkeM TeopeMy eIMHCTBEHHOCTH perenus 3amaqan Hefimama. JIETKO MPOBEPUTH, 9TO, €CJIU U — PEIIeHUe
(3.6), To (u + const) — Toxe pemenve. HazoBem 5T0 TpuBHAaJIbHON HEONHO3HAYHOCTBIO. JIOKaxKeM, 4TO
BO3MOXKHA TOJILKO TaKast HEOJJHO3HAYHOCTb.

Torma mpu v = 1 momy4unm

Teopema 3.5 (eauncrBennocrn). Ilycmv ui(z,y,z),i= 1,2:
1) u; € CY(Q);
2) u; — eapmonuneckasn 6
Ju;
3)5, @y,2) =v(r,9,2), (z,9,2) €.

Toeda uy — uy = const. (Pakruuecku 310 03Ha4aeT, 410 Upu ¥ = 0 €Crb TOIBKO TPUBUAJIBHOE PELICHUE. )

Zoxazameavcmeo. 3anuiinem nepByio dpopmymay 'puna /uis AByX NPOU3BOIBHBIX ABAXK/IbI U depeHmpyeMbix

byukuit u u v:
/// (uAv — gradu gradv) dr = //u—da

omosis { U = U] — Uz — ITO 6y;1eT pemienve 3agaqu (1) mpu v = 0;
v = u.
Toruna
/// uAu — grad® w) dT—//’LL—dU
:///u +u +u )dT—0:>ux_uy_uz_0
= u = const.
Teopema mokazana. O

3.9 ®yuknuga 'puna naa ypaBuenud Jlamsaca m ee cBoiicTBa

Bamumiem Tpernio dpopmyny I'puna B E3 gis rapmornueckoit by u:

1 o [ 1
47T// (F— an (P) —u(P)5- (RMP> dop, P €S, M € Q. (3.7)

Wrak, mbl nonyunnu soipazkenue mist Gyukuuu u(M). [Toupobyem ucnonb3oBarb ero Jjisi HAILIUX 3334 —
Hupuxse u Heiimana. 3anumem Bropyio dopmyy I'puna (v — nekasa rapMonudeckas B ) dbyHKIwms):

/// (uv — vAw) dT_// wdl %) do.
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OYyHKIUNA ¥ U U — TAPMOHUYIECKUE, CIeI0BATETHHO

// {U(P)S—Z(P) - v(P)Z—Z(P)} dop = 0. (3.8)
)

Berauras (3.8) u3 (3.7), nonydum

/ [ (s +20) 520 - P (g + o)) | o

G(M,P) =

:// {G(M,P)Z—Z(P)—u(P)g—i(M,P)} dop.
¥

Urax, Mbl nostyauiu HOBY10 bopmyity mig u(M) ¢ ucnosab30BaHueM POU3BO/ILHOM rapMOHIYECKOH (DyHKIUY
v. I3menHsAd ee, MBI MOXKEM TIOTYYIHUTh PEIIEHNS PA3/INIHbIX 3a7a4. Hampumep:

ITonoxxum

Torma

1. Eciau Glpex = 0, To u( // M P)dop — mbl nosyuunsu hopmyJly jis pelleHus 3aa49u

// MP)dap

~ 0
=0, To u(M) = / G(M, P)a—Z(P) dop — MBI omyanim hOpMyITy JJIS PereHust

pPecx
// M P)dop.

To ecrb, MbL yIIpOCTHIIA HAXOXKieHUe pemenus 3a1a4 Jupuxie u Hefimana, cBefsg ux K COOTBETCTBYIONIUM
dbyuknusam ['pura. JaauM Temepb 9eTKOe OmnpeeeHue.

Onpenenenne. ®yuxuus G(M, P) : M(z,y,2), P(£,1,() € Q nasviaercsa dbyukmueit I'puna s BHY-
TpeHHel 3agaumn Jdupuxie, ecou:

0°G  9°G  9°G

Hupuxie [3.1], [3.2]:

oG

2. E G: —
cau o

3asaqn 3aga4n Hedimana [3.4]:

1. =0 VPeQ, P#M
aez "o Y e € P
2. Hna G(M, P) cupaBejiuBo npejcraBjienue
1
G(M,P) = ———— 4 v, rae v — rapMonuyeckas Gpyskuus B (). (3.9)
47TRMP

3. G(M,P)|pes, = 0.

v — rapMOHNYecKasa B )

To ectn ol 1 - 9TO BCe TpeOOBAHNS, HAJIOXKEHHBIE HAMU HA V.
==

47TRMP
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CsoiicrBa dyuknun I'puna.

Csoiictso 1.

G(M,P)>0, M,PeQ, P+ M.

Zoxaszameavcmeo. Bo3pmem HekoTopyio Touky My BayTpu (2. Paccmorpum cdepy A0CTATOYHO MAJIOTO PAIAYCa,
a ¢ ueHTpoM B Touke My, u obnacrb , Mexay X u X,.

Paccmorpuwm B €2, dyukiuio I'puna or nepemennbix My, P. Torna B obmactu (2, ona rapmonundeckasi. Ciaemo-

BATEJIbHO, BBIIIOJIHEHBI BCE YCIOBUS IPUHIUIIA MAKCUMAJIbHOTO 3HAYEHUS: Igin G = min . Tak kak aua G(Moy, P)
o TUS,

CIIpaBEeIINBO TIpe/icTaBienue (3.9)

1 1 R—0

G(My,P) = —— P
(Mo, P) = g+ 0(P), mpiten g B oo,

a v — rapMOHMYecKasi (&, 3HAYUT, U orpaHudeHnas) B ) GyHKIUs, CIEIOBATENHLHO, MOKHO B3ATh TAKOE @, ITO
G|pex, > 0. CuenoBarenvuo, G(My, P) > 0 VP u3 Q,. Tak kak Gyukuus G — He KOHCTAHTA, CJI€A0BATEIIBHO,
OHA HE MOXKET I0CTUraTh MuHuMyMa BHyTpH ),. Torma nosydaem (Tak Kak ¢ MOXKHO yMEHbIIATh OECKOHEYHO),
410 B () muis mobbix Touek P # M G(M,P) > 0 . YTBepKaeHue T0Ka3aHO. O

CsoiicTBo 2.

G(M,P)=G(P,M) VYM,PecQ, M#P. (3.10)

Zoxazameavcmeo. 3abukcupyem My, Mo - 1Be mpou3BOIbHBIE pa3audHbie TOUku u3 (). JlocTaTodHo 10Ka3aTh,
uro G(My, My) = G(M,, My). O6o3nauum

u(fﬂ?;() :G(Mlap);
U(f;n:() = G(Mlap)

[ycrs X! — cdepa (u coorsercrytomuii eit map (1) mocrarouno masoro paauyca €, okpysKaiomas M, a
Y2, Q2 — ananoruunbie cdepa u wap s My. Bosbmem (. — BHyTpeHHOCTD, He cozepzkalias mwapos (2, QL.
Banucas Bropyio dopmyny [puna pius Gynkuuit v u v (onu rapmonudeckue B (). 10 onpejeseHuto QyHKIUU

Cpuna), noayaum
Ov Ju v ou
///(uAv—vAu)dT—//(ua—n—va—n)d0+//(ua—n —Ua_n)d‘7+
Q. X

Ov Ou :

22

/] [G(Ml’P)% ‘G(M%P)%] dory+
&
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//{ (4, P (g/[sz) G(M%P)% doy =0 (3.11)

0G (M-, P)
on

B npezcrasieaun (3.9) dbynkuuu G(M;, P), — rapMOHUYECKUE U OrPAHUYEHHBIE (HANPUMED, KOHCTAHTAMU ¢ U

Cy COOTBETCTBEHHO) HA E;. Torma momy4gaem

Paccmorpum niepsoe citaraemoe B mepsom uaTerpasie. Ilpu e — 0 dynkun 1 v, YIaCTBYIOMIAS

M,,P)————=do, < - ——=*1do, <
J[@on.p 2 i, < [ ol [ o, <
X! !
C1 0
<// m+0102 dUpEi>0.
z.

Co BropbiM csiaraembiM curyauus cjaoxkuee. Ilosnb3ysch npexncrasienuem (3.9) s dyukuuu G(Mi, P),
pa300beM ero Ha B MHTETPAIA.

0 1 Ov
//G(Mz,P)% (m) dUp +/ G(Mz,P
bV bV

Bropoit Takzke crpeMurcs K HyJIIO C yMEHblIeHUeM € (aHAJOrMYHO OnrcaHHoMy Bbiwie). Mcciepyem MuOXKU-

0 1 0
Tenb oo <m> ITo onpenenenuto, 8—7{ = (i1, grad f). B nawewm ciyuae

)

ﬁ:{_(é—m) =y _(C—Z)}jgrad;:{_(é—:v) (n—y) _(C—Z)}_

’ ) 3 - 3 ) 3
Ryyp ™ Rmyp  Rwmyp Ry p’ Ryp  Rip

13 sroro ciexyer, 910

0 1 1 0 1

- = i My, P)— | ——— =

on (RMIP) ArRY, p — //G( > )3” (47TRM1P) @
!

€

=1 2/ G(Ms, P)do, = { dopmyma cpeamero 3uatenus (5.2)} =
TE

M27
4me? //d G(Mz, My).

Bropoii uarerpai B dhopmyie (3.11) nomydaercs u3 nepBoro 3aMeHoil u cMeHoi 3Haka. I[IpoBojs aHajorny-
HbIE PACCYKAEHMUs, TIOJIyduM, 4To OH crpemurca K G(Mi, Ms). Orciona momy4uaem dhopmy.ry

G(M2, M) — G(My,Ms) =0,

BEPHYIO Jjist JIOObIX pa3iauanbix Todek My, My u3 ). YTBepKaeHue JT0Ka3aHO. |

3.10 IloreHmmajabl IIPOCTOrO U ABOIMHOro cjogd. IloreHnuaa ABOITHOTO cjiodA C eau-
HUYHOM IIJIOTHOCTBIO
Urak, MBI 3HaeM perleHns ypaBHeHus Jlammaca Ha MIOCKOCTH W B TPOCTPAHCTBE:
1 1

E3: —_—; Ezzln—,
Ryp pPMP
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rae M(x,y, z) - dukcuposanuas Touka, P(&, 1, () - nepemennas. [IycTs ¥ — HeKOTOpas 3aMKHY Tasi TIOBEPXHOCTD,
OrpaHMYIBAIONIAA 00/1acTh (2, comepskamyio Touky M. Paccmorpuym B E2 cienyromyio dpymkmmio

)= [[a)
b

1 Ha30BEM €€ IIOTeHIINaJIOM IIPOCTOro CJIOoAd. A rakxke Cl)yHKIH/IIO

—4/]0(13)% () dor

U HA30BEM ee IIOTEHIHAJIOM JBOHOrO CJIOSL.
[Tokaxkem, ato VM ¢ ¥ Av = Au =0:

AMU—AM// —dUp—
1
// ( )dap—O(TK A( )EO).
Ryp Ryp
s moTeHnuaIa IBOMHOIO CI0A PE3yIbTAaT AHAJIOCHICH:
o 1
M M//f( )571 Ryp dor
62 1
//f( )8n < RMP) dop =0
b))

Oupegenum noHsATHE IOTEHIANA Ha mIockoctd. [Tycrs L — HeKOTOpas 3aMKHYTast KPUBAst, OKPYKAIOLIAs
roury M (z,y)):

1
v(M) = /g(P) In —— dip — moTeHHUAaN IPOCTOrO CJIOHA.

PmP
L
0 1 .
u(M) = —/f(P)— In dlp — moTeHIMATI ABOMHOrO CJIOHA.
on PMP

Wrak, mOTEHIIHAJIBI SBJISIOTCA rapMOHTYecKuMu (hyHKIusiMU. VI3 3TOr0 ciie1yer, 9To uX MOXKHO UCIIO/IH30BAThH
JJIs pereHus 3aaa4dn, K npumepy, Helimana, mogbupast COOTBETCTBYIOIME (DYHKINK g U f, KOTOpbIE HA30BEM
IUIOTHOCTAMMU COOTBETCTBYIOMIUX ITOTEHINAIIOB.

Paccvorpum 6osee meranbHO MOTEHITHA ABORHOIO C/IOS HA IJIOCKOCTH:

/f W <ln pM—P) dlp. (3.12)

ITpennosoxkum riuaakocTb KpuBoil L u HenpepbiBHOCTL (B HEKOTOPOM CMBICJ/IE) €e KacarebHbiX. B coorser-
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1
CTBUU C 9TUM IIPeoOpa3yeM BbIparKeHne — —— <ln — )
n

= () = four = VEmTF Gy = - KD

N n - ’
¢ pMP pmp 2 pup Pirp

0 1 n—y
on lnPMP -T2 ;
MP
m:{f—m;n—y}i_g <IHL>:—ﬁgrad£<i>:ﬁm:COSA(]W—D:n)ﬁ

on PMP on \ pup ,Opr PMP
— u(M) = /f(P)M E"”)dlp‘
PMP

L

cos 4(1\@, )

PMP

Mycrs ue (M) = / dlp — moTeHIUAaJ C € IMHNYHON IIJIOTHOCTHIO. Bhraucinm ero, ucmosib-

L
3yd MOJNAPHYIO cucreMy KoopamHat. IIpoBegem depe3 Touky M HEKOTOPYIO OCh W Oy/JeM OT Hee CIUTATH YTOJ

¢. Obosnaumm 3a yroa o u3 mpoMexkyTka [0; 7] yrom mexk 1y KacaTelbHOl K KpuBOil L B TouKe P 1 9TOil 0ChIO.
Torga OyayT cipaBeIMBbBI CIEYIONIE COOTHOIIEHNS:

Z(m,ﬁ) =T —¢p—q
= cos Z(ﬁ, i) = sin(¢p + o) =

— uo (M) = /Smi‘%a) dip. (3.13)
L

Iepeiinem B Koopaunarax rouku P(£,7) or npsAMOyroibHON CUCTEMbl KOOPAMHAT K I[IOJIsAPHOIA:

§=r(¢)cos¢; d§ = [(r'(¢) cos(p) — r(¢)sin(¢)]de; (%)
n=r(¢)sing; dn=[(r'(¢)sin(p) —r(¢) cos(¢)|dg;
dé = —dl cos «;
dn = dl sin a.
[Tpeobpaszyem nogpiarerpasbuyo Gyukuuio B (3.13):
d§ = —dlcosa | _
dn = dlsina o
= cos¢dn —sin pdé = (x) = (cos @sin ¢r' + rcos® ¢ — ' sin ¢ cos ¢ + 12 sin? @) dp = r d¢
= cos Z(M D, it)dl = r(¢)do

r(¢)
= ue(M) = | —=d¢ = 2.
/

sin(¢ + «) dl = singcosadl + cospsinadl = {

r(¢)
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Anajiormano TOJIy9UM, 9TO €C/IU TOYKa JIC2KUT BHE 00J1aCTH WJIU Ha, T'paHHAIE, TO 6y,[[yT BBITIOJTHEHBI COOTHO-
MIeHUA

w, MeL
“e(M)_{ 0, M¢D
Uraxk,
2, M € D;
ue(M)=¢ m M e€L; (3.14)
0, M¢D.

CBoiicTBa TOTEHIIAAJIOB.

Tenepb, 3Hasi BbIpazkKeHue i € JMHUIHON (DYHKIMK, BbIBEAEM HEKOTOPbIE CBOMCTBA HAILErO MCXOIHOIO II0-
Ternuaa. st 3Toro HaMm moHaaobuTcs

Omnpenenenne. urerpan / F(P,M)dlp na3biBaercs paBHOMEPHO cxoggamumcsi B touke My € L,

l

eciu Ye > 0 IV(My) — okpecrnocrs u ayra | € L rtakas, 410 uHTErpas /F(P, A)dlp cxonurca YA €
1

VOL) u | [ FP A | <
Bynem monb3oBaTbhCs ciienyomei TeopeMoit 6e3 10Ka3aTeIbCTBA:

Teopema 3.6. ITycmo pynryus F(P, M) nenpepvisna eciody npu P # M. Tozda unmezpan /F(P,M) di,

l
ABAAECNCA HENPEPLEHOT PyHKyuet 6 mexr moukar, 2de OH PAGHOMEDHO CLOOUMCH.

Bosbmewm Ha rpanune L HekoTopyio Touky My u paccmorpum dyuruuio u(M) — f(Mo)ue(M).

Teopema 3.7. Ecau 6 (3.12) Ppynxyus f(P) nenpepwena 6 mouxe My, mo Ppynxyus u(M) — f(Mo)ue(M) —
nenpepuisna 6 moywke M.

Zlokaszamenbemeso.

cosl(m,ﬁ) dlp_/f(MO)cosl(m,ﬁ)

u(M) — F(M)ue (M) = L/f(P) - iy =
B B cosé(]\ﬁ,ﬁ)
- L/ (1P) = s0a) =L a,

I/I3 HEMpepBIBHOCTU Harmel ¢Gyukinuu Ye > 0 caeayer CymecTBOBaHWE TaKOi OkpecTHOCTH TOuku My, e
My)| < e. CJ'Ie,JlOBaTeJIbHO [epexo/isd K MOJAPHBIM KOOPAMHATAM C LEHTPOM B TO4YKe My, mOdydnm
) y

z
|/ O)COS ( dl p| = |/ f(My)dp| < e | [ dp| = 2me — npu HAIOKEHHBIX HAMU HA
L

KpI/IByIO YCIOBUSX.
ITonygaem, 910 MHTErpaJ PABHOMEPHO CXOAMTCH U TEOPEMA JOKA3AHA. |

Teneps, ucuonb3ys dopmyay (3.14) ans byuxkuuu u. (M) u yrsepzaeHue TeopeMbl, MOLy UM, 4T0 PYHKIUS
u(M) B Toure My umeer Tor ke Bui , 9T0 B byHKuusA ue (M) f(Mp). Mbl nonyawnin

38



Caeacrsue 1.
Unsyrp(Mo) = Mll)rl{}[ u(M);
M€D0Y
= lim wu(M).
M — Mg;

MgD

Upyrp(Mo) = u(Mo) + 7 f (Mo);
UBHem(MO) = U(MO) - 7Tf(M0)

TOI‘,ZLa Ha KOHTYpP€ MOXKHO IIPEACTABUTHb IIOTEHIIUAJI TAK:

O60o31Ha9nM tmom(Mo)

Torma

Upnem (MO) + uBHyTp (MO)

u(Mo) = 5

CaencrBue 2. Oyukuus u(M) nenpepoiua upu M € L, eciu f(P) weupepbiBua na L.
Hoxazameavcmeo. Mbt umeem na kourype f(M)u.(M) =nf(M); u(M) — f(Mo)u.(M) = (M) — nekoropas
nenpepbiBias Gyukuust. Torga dbysxkuus npegcrasuma B Buge u(M) = nf (M) + ¢ (M). O
3.11 CBegenune BHyTpeHHell 3aga4u JlupuxJjie K HHTErpaJIbHOMY ypaBHeHuio Ppe-
roJbMa 2-ro poaa

Paccmorpum sHyTpennioo sagaay Jupuxie s E2: [3.5]

(1) ulz,y) € C(D);
(2) Au(z,y) = 0, (z,y) € D;
3)  ulz,y) = plx,y), (v,y)€L.

Bynem uckarh pemrenue B BuIe MOTEHIIAAA ABOMHOTO ciios. [IycTs
cos Z(M 13 a
— / ( p)# dl,,
PMP
L

Toruaa ycnosue (1) cpady soinosusercs. [Toupobyem nomnyuurs yeaosus (2) u (3), usmensis f(P). Oupenesnum
HOBYIO (DYHKIIAIO
u(M), M € D;
u(M) =< _
(M) { Tanyep(M), M € L,
rae Upuyrp (M) = Jim u(A).
Agﬁ’
Jlerko nposepurb, 4ro nosydenHas GyHkuus Oyzer rapmonudeckoit B D. Hrobbl nosmyuurs yciaosue (3),
BOCIO/Ib3yeMCA cineacrsueM 2 u3 teopembl 3.7. Torna momydaem:

/(MP
Tngzp (M) = 7 f(M /f yCos LMPE) v e
Tanap (M) = (M), M€ L.

cosé(]\ﬁ,[[

mf(M) + /f(P) ) dl, = (M), M €L (3.15)

L

PMP

ITosnyuennoe ypasuenue ornocuresbao pynkuuu f(P) naspiBaercs HHTerpajJbHbIM ypaBHeHueMm ®Ppen-
roabpma 2-ro poga. Ciemyrolryo TeopemMy npuMeM 6e3 JOKA3ATEIbCTBA:
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Teopema 3.8 (asbrepnaruBa ®penronbma). . Humezpasoroe ypasuenue Ppedeosvma 2-20 poda umeem
eduncmeennoe nenpepvisroe pewenue Yu(M) € C(L) moeda u moavko moeda, Kozda 00nopodnoe ypasHerue
(8.15) (m.e. u(M) =0) umeem moavko HYAEB0E PeweHUE.

Ucnonb3ys 910 yrBepKieHe, JOKAKEM €IMHCTBEHHOCTD pelieHus 3ana4du Jupuxie [3.5].
Omnpenenenne. Kouryp L Ha3bIBAETCS CTPOrO BHITYKJIBIM, €C/TH, KAKHAE ObI 1B TOYKNA HA HEM MbI HE B3I,
OTPE30K, UX COCAMHSIONINIA, JEXKUT HEJIUKOM BHYTPH KOHTYPA.

Teopema 3.9 (emuucrBennoctn). Ilycmv obaacmov D empozo swunyraa (L - cmpozo swnykavt konwmyp). To-
20a enympennas sadaua Jupuzae [3.5] umeem eduncmeennoe pewenue das a0bot nenpepvienot na L Pynxyuu

p(M).

Loxaszameavcmeo. Cormacuo ajabrepaarue OpeAaroapMa, T0CTATOYHO J0KA3AThH, 9TO yPABHEHUE

/f cos Z(MD cos Z(IMD,) o M€ L. (3.16)

HMeeT TONBKO HyJieBoe perrenne. Bosbmem takyio Touky My € L, uro |f(My)| = max |f(M)|. MbI 3HaEM, 9TO
€

corsiaco ¢opmyJie Jjisi MOTeHIUAaa C eIUHUIHON II0THOCTBIO (3.14),

cos Z(M 1_3, )

mf(Mo) = /f(Mo) dlp, My € L.
PMoP
L
Kpowme roro, rak kak f(M) — pewenue (3.16), ro
/(MoB, i
F(Mo) /f )2 cos £(Vo P 7) dlp = 0.
PMoP

CK.Ha,ﬂbIBaH TOJIy9Y€HHbIC DaBEHCTBA, MOJIydaeM:

cos Z(Mo P, 1)
PMoP

/ [F(P) + F(Mo)] dlp =0

L

W3 onpenenenns My : |f(Mo)| = |f(P)| VP € L u Toro, uro

cos Z(M ﬁ,ﬁ) do

= >0,
PM,P ~ dlp

nosyaaem, uro f(My) + f(P)=0 (VP e L).
Bzsas P = My, nonyuum f(My) =0 = f = 0. Teopema gokaszana. O
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4 YpaBHeHHUS TUOEepPOOJIMIECKOT0 TUTIA

4.1 IlocranoBKa 3aJa4 AJist YpaBHEeHUdA KojebaHMii

PaccMOTPHM HECKOJBLKO ypaBHEHUIA MrUNepOOJITIeCKOro THIIA.
[Mycrs dyukmusa u(z,t) € C?((z,t) : 0 <z <1, t > 0). Torma ypasuenue

Ut = Q2 Ugy, 0 <z <1, t> 0. (4.1)

HA3bIBAETCS YypPaBHeHUEeM KojiebaHUil maeabHOI CTPYHBI.
B ciaygae dbyHKIME OT ABYX IMPOCTPAHCTBEHHBIX IEPEMEHHBIX U (L, Y, t):

uge = a’Au, (z,y) €D, t >0

— 3TO ypaBHeHUe KoJiebaHUiI ynpyroii MmeMopaHbI.
Paccmorpum ypasuenue (4.1). Mbl MOkeM 337aTh HaYaJIbHbIE yCJIOBUSL:

u(z,0) ¢(x), 0 < & < l; — MHTEPIPETUPYETCsl KAK CMEIIEHUE CTPYHBI OT MOJIOXKEHUs PABHOBECHUSI;
ug(xz,0) = P(z), 0<z <l

1 KpaeBble YC/JIOBHUA:

u(l,t) = pwp(), t>0; (B3akpemnennom ciaydae pu = 0)
uw(lat) = V(t)a t>0;
u(l,t) + au,(l,t) = 6(t), t>0.

— ODOBIYHO MBI OEpeM HEKOTOPBIE U3 HUX.

KpaeBbie 3a1a9u CTaBATCS aHAJIOTUYIHO CIYy9al0 ypaBHEHUI mMapabOJIndecKoro tuma. BoT npuMep mepBoit
KpaeBoil 3a/1a4u.

Ugg = GPUge, 0<z <, 0<t LT,
w(@,0) = ¢(x), 0<z<
ut(x,0) = P(r), 0Lzl
u(0,t) = (), 0<t<T;
U(l,t) = NZ(t)a 0<t<T.

Bor ona xke 11t moTynpsiMoii:

Ut = A Ugg, z>00<t<T;
u(z,0) = ¢(z), z>0;
ut(lIT,O) = w(x)a T > 0;
uw(0,t) = p®),0<t<T.

Takzke MOKHO PacCMOTPETh OOBIKHOBEHHYIO 3asady Komm

2

Uy = A Uge, —0<ax <400, 0<tLT,
u(z,0) = ¢x), —oo<x<+o0;
ut(z,0) = P(z), —oo <z < +o00.

4.2 ®Dopmyaa Janambepa. CyimecTBoBaHUE, yCTOMYNBOCTh U €IMHCTBEHHOCTH pe-
menug 3agaun Kommm

Paccmorpum 3amauy Ko aj1st ypaBHeHust KoneOaHmii:

(1) Uy = @PUyy, —00< T < 400, 0<t LT
[4.1]< (2) wu(z,0) = ¢(z), —oo<z<+00;
(3) ui(z,0) = ¢x), —oo<x<+o0.
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Iycrs u € C%(R x RT) u asnserca pemenuem 3anaun Kommu [4.1]. Onpeenum HoBble nepemennbie & u 1):

£ t . = 20
= x+at; = 5
{n:x—at.ﬁ L Eom
20
Ounpenenum HoByIO dyHkimo v(€,n) = u(g '*2‘ 777 52— 77)'
a
Haiinem wacrable 1pousBojibie 310 PyHKIMN:
_ . Stn E=n1 E+n E-n 1
ve = ug( 2 9g )2+ut( 5 " 9a )Za’
1 1 1 1
Vep :uzz()Z-f-uzt()(—E)—}—um()ﬁ—}—utt()(—@):

1 1
= Uy (. . )Z - @utt(. ..) = { ypaBuenue xonebanuii } = 0.

Temeps mposemeM 0O0paTHOE HHTEIPUPOBAHKE:
UHT-He 110 § irs UHT-He I rs
venl€) = 02 € (€m) = Filn) "I w(en) = [ Fin) dn+ 126

= v(&n) = i) + f2(§) = {u(=,1) = v(z —at,z + at)} =

u(z,t) = fi(z — at) + f2(z + at), (4.2)

rae fi, fi, fo — HeKoTOpbIe (DYHKIMH, [IOJLY YalONMecs [IPU WHTErPUPOBAHUML.
Wrak, Mmbl mosyaniu obminii Bu /111 DYHKIIUT U, SBIAIOMIEHCS pellenneM ypapHeHus Konebanuii. [Tompobyem
Haiitu f1 u fo, NCOMB3ysd HAYAIBHDBIE YCIOBUSI:

T

1
u(@,0) = fi(@)+ folx) = p(x); ~h@)+ @) = = [9Ede+C;
{ w(,0) = —afi(@) +afi(x) = b@). /
A@) + @) = é)
CJIO}KI/IB N BbIYUTA ypaBHeHI/IH CI/ICTeMbI, HOJIyLII/IMC
fe) = 24 = fu@as+ 5
. e, = {u(z,t) = fi(z —at) + fa(z + at)} =
fiw) =22 - L [uede- 5.
—at o1
(e = LI L[ ey ae (1.9

Ilony4uennoe Boipazkenue HadbiBaercsa popmydioii Jamambepa.

Teopema 4.1 (cyIecTBoBaHUs U €IMHCTBEHHOCTH pentenns 3agadu Kommu). [Tyems ¢(x) € C*(R), ¢(z) €

CH(R). Tozda cywecmeyem u eduncmeenna dynryua u(z,t) maxas, wmo u(w,t) € C*(R x ﬁ+) U AGAACTNCA
pewenuem 3adavwy, Kowu [4.1], 2de ynxyuu ¢(x) u (x) onpedeasrom navasvrvie Ycrosus.
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Joxasameavcmeo. CylrecTBoBaHUE MPOBEPSETCST HETIOCPEICTBEHHOM TIOACTAHOBKOM C MCITOIF30BAHUEM YCJIO-
Buit (1)—(3) u ycioBuit TeOpeMBI.

EnusCTBEHHOCTSD Cileyer U3 Toro, 4ro Jyid Jioboil byHkuuu, yaosiersopsioweii ycaosusm (1)—(3), cupa-
BeIINBO mpescTaBienue mo ¢popmyse Janambepa, a OHO moapa3yMeBaeT TOMbKO onHy (yukmuio. Teopema 10-
Ka3aHa. |

Teopema 4.2 (ycroitauBoctu). ITycmo ¢y, p2(1) € C*(R), 91,2 (x) € CH(R) u oepanuuens na R. Tozda, ec-
auuy,uz(z,t) — pewenus 3adaw muna [4.1] ¢ ¢1,101 U P2,12 6 Kauecmee HAUAALHHLT YCAOBUT COOMEEMCMEEHHO,
mo

sup  |ui(z,t) — uz(x, t)| < sup|oi(x) — ¢a(x)| + T sup |91 (x) — Pa(z)].
z€R, 0<t<T z€eR z€eR

Hoxazameavcmeo. 113 dbopmyn Hanambepa (4.3) mis ug, us ciemyer:

z+at
et~ iala el ealem e 20 =y L [ o) - va()lde <
z—at

|ug — uz| < |

x+at
< sup 61 (2) — Ga()] + sup v (@) — o) / de < sup | () — o) + sup [t (z) — 1 (2)|T-
zER zER azfat zER zER

Teopema mokazana. O

4.3 XapaKTepuCTHUK! YPAaBHEHHUHA B YACTHBIX IIPOM3BOJHBIX BTOPOTO IIOPAIKA

Knaccudeckoe ypaBHEHME B ACTHBIX MPOU3BOAHBIX BTOPOrO TOPSIKA UMEET CJIeIYIONInil BUI:
a12(2, Y) Uz + 2012(2, Y)Uzy + a22Uyy = F (2,9, u, ug, uy) (4.4)
IlocraBuM eMy B OZHO3HAYMHOE COOTBETCTBHE OOBIKHOBEHHOE JuddepeHnnaabHoe ypaBHEHNE:
a1 (dy)? — 2a12dzdy + aze(dr)® =0 (4.5)

Torma ¢yukuuu (KpuBble), ABjgomuecsd pemenueM (4.5), HA3BIBAIOTCA XapaKTEPUCTUKAMU yPaBHEHUS
(4.4).
Hanpuwmep, ajst ypaBHeHus KoreOaHmit
a gy —uy =0

yDABHEHUE JIJIsT IOy YeHUsT XapaKTEPUCTUK BBITJISIUT TaK:
a*(dt)? — (dz)* = 0.

3 mero nomygaem
adt+dx = 0; | = +at = const;
adt—dx = 0. r—at = -const.

— 9TO JBE MPSAMBIE, STBJISIONINECST XaPAKTEPUCTUKAMU TUIIEPOOTNIECKOrO YPABHEHUS.

Mycrs dyukuus u(x,t) apnsercsa penienueM HeKoTOpoil 3agaun Komu. Bosbmem B I werBepru miockocTu
OXT upousBosibHyio TOUKY (Zo, Yo)- Lepes Hee nPOXOAAT TOIBKO IBE XAPAKTEPUCTUKU: T—at = Tg—aly, T+at =
Zo + aty . Onu nepecekaror ocb OX B Toukax (zg + ato,0), (o — atp,0), 06pa3ys upu 9TOM TaK HA3bIBAEMbIii
XapaKTePUCTUYECKUI TPEYTroJIbHUK.

Bamucas muga byuxuun u(x, t) B Touke u(xg,to) dopmyny danambepa (4.3):

To+ato
¢(z0 — ato) ' 9(zo + ato) | e

.Tofato

u(wo, to) =
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nojyduM, 9to 3uadenus GyHkuuu u(x,t) B NPOM3BOILHON TOYKE BHYTPU XapaKTEPUCTHUYECKOTO TPEYTOJIbHU-
Ka OMPEJEJIAITCA TOIbKO 3HadeHuaMu pynkuuit ¢p(x), ¥ (r) Ha ero ocHOBaHWU. DTO — BarxKHAA OCOOEHHOCTH
runepboIMYecKOro ypaBHeH s, KOTOPasi CTAHET IIOHATHA Ha CJEeAYIOUIEM IIPUMepe:

IMycrs dyukuuu ¢(x), () paBubl Hymo Bue Hekoroporo orpeska [a; b]. Toraa B obnacrsax ILIIT dynkuus
u(z,t) 6yuer, Kak jierko Bugersb u3 dhopmyibl Jasambepa, TOXKIECTBEHHO PpaBHa HyJ0. 10T (HaKT 10Ka3bIBAET
KOHEYHYI0 CKOPOCTH (B TeUeHMe BpeMeHH t) pacrpocTpanenus curiajia u(x,t) (1o ocu ) B runepboIMIeckoM
yDaBHEHUH.

it
+at=const
1 x-at=const
II1 I
X
a b
Hauporus, B 3anade Kown st ypaBHeHUsT TEILIOIPOBOIHOCTH:

Ut = a’ug,, —o<r<oo,t>0
u(z,0) = o(z), —00 <& < 00

pelieHue, Kak I10Ka3blBAJIOCh paHee, UMeeT BUJ,

o0
1 x —s)?
u(z,t) = ————exp —u o(s)ds
Vara?t 4a?
—00
Bugmo, aro eciu dynkuus ¢(s) HenpepbiBHA, HEOTPULIATEIbHA ¥ B HEKOTOPOI TOYKE OTJIMYIHA OT HYJIs, TO
u(z,t) >0Vt > 0.
To €CTb, MBI KaK 6bI ToJIy9aeM TO, YTO CUTHAJIBI B CJIyYa€ YPAaBHEHUA TEIIJIOTPOBOJAHOCTU PACIPOCTPAHAIOTCA
IIPaKTU41€CKU MI'HOBEHHO.
4.4 3amaua Ha noxynpsamoii. Meron mpomoszkeHmit
IlepBasi kpaeBas 3ajjaua

IlepBas kpaeBas 3aja9a /19 ypaBHEHUS KOJeOAHUN UMeEeT CIeMYIONINil BUI:

(1) U = @CUge, x>0, t>0;
(2)  u(0,t) = 0, t>0;
(3) wu(z,0) = ¢(z), z=0;
(4) wui(z,0) = P(zx), x>0

JlobaBuM yCIIOBUsT COMPSAXKEHUS
{M@Z&
$(0) = 0.
JIst obecniedeHnst HenpepbiBHOCTH byHKuM u(x,t) n ui(x,t) B HyTE.
Haiinem perienve mamHOM KpaeBOil 3aa9u, PACIINPUB €€ JI0 cIydad Bcelt nmpsMoit. JJoompenesnM HEIETHBIM
obpazom dyukuuu ¢(z) u ¥(x) Ha Beel npsamoil, 3anaB oy dyukuuu ¢ u U:

_ P(z), >0
®(z) = { é

—¢(—z), x<O0.
_ P(x), x> 0;
¥(z) = { —(—x), x<O0.
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Paccmorpum momudunmposannyio 3aga4dy Kormu:

Uu(z,t) = a?Upe(z,t), —00 <z <00, t>0;
U(z,0) = @(z);

B nannom ciaygae gjis maxoxaenus U(x, t) Mbl MoxkeM npumenuth (opmyny Jdasambepas

z+at

| v

z—at

®(z — at) + ®(z + at) N 1

Uz, t) = -
(z,1) 5 %

Bosbmem B kauecTse HyxKHON HaMm byukuuu u(z,t) npu x,t > 0 byskuuio U(x,t). OgeBugno, 9410 yCio-
Bus (1),(3) u (4) npu x,t > 0 BBINOJHAIOTCA Cpa3y — 9TO cieiyer u3 onpeneieHus Gykumit ¥(z) u @(z).
Bomonuenue ycnosus (2) ciaemyer u3 cieLlylonyx IpeodpasoBaHuii:

B(—at) + B(at) 1 [

def
u(0,t) = U(0,t) = f—kﬁ / ¥(E)dE.

—at

B cuny medernocru coorsercrByommx (GyHKIMIA IEPBOE M BTOPOE CIAraeMble OOPAIIAIOTCA B HOJIb, 9TO K
JaeT BeinosiHenue ycaosus (2). tak, Mbl JOKa3aJjd, 9T0 NOCTpOeHHAs HaMu byHKIMs u (L, t) — pelieHue nepsoii
KpaeBoii 3a7a4uu. Beipazum ®(z) u ¥(z) yepes ucxomaunie dbysruun ¢(x) u 1)(r) COOTBETCTBEHHO:

O(x+at) = ¢+ at);
Ilpu = > at O(z—at) = ¢z — at);
V() = (&), npu € € [z — at;z + at].
O (x + at) = ¢(x + at);

IIpu x < at {

Teneps 3amnumniem monuayio Gopmysry zjs PelieHus IePBoil KPaeBoil 3a1a4u:

z+at 0 z+at 0 z+at
V() de= | w()ds+ [ ¥(dE= — (=8 d{+ [ (&) dE =
a:/at z/at 0/ a:/at 0/

z+at at+x

= { nonowun — € = €} = /Ow(f>df+ [ wode= [ v
at—zx 0 at—zx

Torma obmas ¢popmysia OymaeT Takoii:

) z+at
plz+at)+ gz —at) 1 '
) +oq | Ot o>
r—at
u(z,t) = a+at
o +al) —do—a) L [ wode a<at
\ r—at

Bropas kpaeBasi 3ajiava.
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Bropast kpaeBas 3a1a4a UMeeT BUI;

(1) U = Uz, = >0,t>0;
(2) w(0,t) = 0, t>0;
(3) u(z,0) = o), x>0
(4) we(xz,0) = P(x), x>0
Bynem peiicTBoBaTh Tak ke, KaK W B MPEABIAYIIEM CIydae, OMHAKO 37eCh HAC YCTPOUT TOJHKO 9ETHOE MPO-
JIOJIZKEHIE:
_ (;5(1‘), x 2 0;
(z) = { ¢(—z), x < 0.
_ [ v(@), 220

¥(z) { W(—2), < 0.

Hosas 3amaua Kommm u pernenune gj1s mee mo dopmyse Jamambepa OyayT BBITISIIETh TaK Ke, KAK U B
OPEIbIAYIIEeM Caydae:

r+at
Uz, t) = ®(x — at) -;—@(:v+at) N % / W(E) de.
z—at

Ananoruano, nycrs u(z,t) = U(z,t), z,t > 0. Torna somonnenue ycaosuii (1),(3),(4) onsrs ke o4eBHIHO.
ITposepum yciaosue (2). Juddepenuupyst dopmysy Hanambepa u ucnosb3ys 1o, 4ro y dernoil Gyuxuuu U(t)
IPOU3BOHA HEYETHA, MOJIYIUM

d'(at) + D' (—at 1
w0, = U,(0,1) = TOOFLED L1y (ar) — wan).

U3 nevernocru @' (t) u wernocru ¥(t) Buuno, uro oba ciaraembix pasubl vy, Obwas dopmyna s u(z, t)

HOJTy 9a€TCA AHAJOTHIHO.

4.5 MeToxm pa3aesieHns NMePEMEHHBIX JJId NJOKA3aTeJbCTBA CYMIECTBOBAHUSA peIle-
HUd IIepBOI KpaeBOll 3a1a4u

Paccmorpum na orpeske [0; I] oproHOpMupOBaHHbIE CUCTEMbL (DYHKIUI:

\/Zin(ﬂx) n=1,2,3,...

l l

1 2

\7[7 \/;cos(?m)}, n=123,...

Omnpenenum ko3 burmentsr Pypbe Tak:

6u = [ 9(s)sin( ) ds:

o0 o0 o
Torma U3 Kypca MaTeMaTHIeCKOTO aHaau3a u3BecTHo, uto, eciu ¢(z) € Cla;b], To pager > @2, S ¢2
n=1 n=1

CXOJATCsI. 3AMOMHUM 9TO U HepeiijieM K MepBoil KpaeBoii 3a/iade HA ypaBHEHHE KOJEOAHMIA:

(1) Uy = 0 Uga, z>0,t>0;
(2) U(O,t) = u(lat) =0, t=0

12 3 u@o) = él@), @0
(4) ue(w,0) = P(x), z > 0.
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Haiimem ee perrenue cieayionmm CriocobOM: TTpOBeIeM Mpeodpa30BaHus, TPUBOILIINE K HEKOTOPOi Dy HKIIH
u(x,t), a MOTOM JOKAXKEM, 4TO TIPU ONpEIe/NeHHbIX ycaoBuax Ha dyukuuu ¢(z) u (x) sra Gyakuusa Oymer
CYIIECTBOBATH U ABJIATHCA PEHICHHEM MCXOZHON 3a/a4u.

Bysem uckarh peleHue B BUE:

v(z,t) = X(x)T(t) — uycrb 970 HEKOTOpasi HE PABHAs TOXKJIECTBEHHO HYJIIO (DYHKIUSL.
IMozacrasus v(z,t) B ypaBHeHre KOJEOAHUN, TOLY IUM:
T"t)X (z) = > X" (2)T(t) =

X/l(x) _ Tll(t)
X (z) a?T(t)

= )\

e A — HEKOTOpas KOHCTAHTA.
Orcroma moydaioTcs 1Ba ypPaBHEHUS:

X"z)+AX(z) =0, 0< 2z < U;
T"(t) + Xa®T(t) =0, t > 0.

IMpu X (0) = X (1) = 0 byuxuus v(x,t) , oueBuaHO, OyIeT YAOBIETBOPATDH yCIOBHIO (2).
Haitnem merpuBmababie perenus caenytomieit 3amaqan Hltypma-Jluysumiis:

X"(x)+AX(z) =0, 0< z < ;
X(0)=X()=0.

Kak y2ke roBopuiioch npu BbIBOJE PEIIeHUs i yPABHEHUs TEIJIOIPOBOJHOCTH, HAM HOJ0MIyT TaKue cob-
CTBEHHbIE 3HAYEHUS U COOTBETCTBYIOIINE UM COOCTBEHHBbIE (DYHKIIAN:

Xp(z) = sin(—

; ), n=12...

IMoacrasum Haiinenubie A\, B ypasaenue s 1'(t):

n n n
T (t) + (”TaZ) To(t) = 0 = T(t) = an cos(”Tat) + by, sin(”Tat),
rJe Gy, by, — HEKOTOPBIE KOHCTAHTBI.
Urak, mbt nawwm dbyuakuun X, (x), T),(t), mig koropbix Bbluoussorcs yciaosus (1),(2).
IMonoxnm vy, (z,t) = X, (2) T, (t). OgeBunso, mis 1ot GyHKuuu TOXKe BhInoNHATCA yeaosust (1),(2).

(oo}
HaiiieM KOHCTaHTHI @y, by, 13 ycaoswuit (3),(4), nomoxus u(z,t) = Y. v,(z,t):
n=1

u(z,t) = > vplz,t) = Y. sin(ﬂx) [an cos(ﬂat) + b, sin(ﬂat) ;
n=1 n=1 l l l

l
é(x) = u(z,0) = i an, sin(?w) = a, = %/qﬁ(s) sin(ﬂs) ds;

n=1 l
0

™ma

Y(z) = w(z,0) = n§1 (bnT) Sin(?m) = Ty = 2/1/}(8) sin(ﬂs) ds =
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Wrak, MBI HAIIIM KOHCTAHTBI, 3AIUIIEM MOIHYIO HOPMYJIy:

l l

u(z,t) = Z_: /cos(TatM)( )sm( 7 )ds+ 2 cos —at)w(s) sin(?s) ds sm(ﬂl—na:) (4.6)

Teneps copmyupyem Te yCaOBuUs, IPU KOTOPBIX OHA Oy/IeT KOPPEKTHA.

Teopema 4.3 (cyuiecrBoBanusi). [Tycmo

¢(x) € C°[0; 1], $(0) = ¢(I) = ¢"(0) = ¢"(I) =0
p(x) € C?[0; 1], $(0) = ().

Tozda Pynxuyus u(x,t) , onpedeasemasn dopmyaoi (4.6), obaadaem caedyrowumu ceoticmeamu: u(z,t) €
C?{[0; 1] x [0; T]} (T - npouseoavroe > 0), u ydosaemeopaem ycaosuam (1)-(4) (a6aaemca pewenuem xpaesot

sadawu [4.2]).
Hoxasameavcmeo. doxaxkem, aro u(z,t) € C? {[0; I] x [0; T]}. Ilycrs
l

P = /¢(S) sin(?s) ds = {uHTErpUpOBaHUE IO YACTSM |} =

l

l Lo
= — o(s)—— cos(™s)| 4+ —/¢'(s) cos(™s) ds =
™ l 0 TN l
0
2 ! 2 !
= {elue pa3 UHTErPUPOBAHUE 110 YACTIM } = L ¢'(s) sin(ﬂs) — L /(;5”(8) sin(——s)ds =
T emep bup “\mn l ™ l

l

- (7:_”> 6o )| - (ﬂl—n) / §"(s) cos( ) .

l
Tonoskuy ¢, = /¢"'(s) cos(?s) ds. Torpa n3|¢,| = (%@)
0

0 _~2
ITo ynoMstHyTOMY paHee CBOWCTBY psiZi » . ¢, cxoautcs. [TokaykeM, 9To U3 3TOrO CIEAYET CXOANMOCTH DPsi/ia

n=1
00
> 2| nl:

n=1

00 I 3 oo 1 —~ a2+b2 I 3 1 e’} 1 1 00 9
E 2 == E l < < < (= - § — 4= E
n:ln |¢n| <7T) n|¢n| - {ab - 2 } - <7T> 2 n=1 712 i 2 n=1 ¢n

n=1

o0
Nrak, y Hac oba ciaraeMbiX MpPeCTaBigiorT coboil cXoagaumecs psajibl, H03ToMy pas . n?|d,| cxoaures 1o

n=1
MayKOPaHTHOMY MPU3HAKY.
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Awnanorugno, mycTts
l
. TN
Yy = /¢(s) sm(Ts) ds = {uHTErpUpoOBaHUe MO YaCTAM |} =

0

l
=~ 9(s) —cos("Ts)

™n

1 \2
= {eme pa3 WHTErPUPOBAHKE TI0 YACTAM } = <—> P'(s) sin(?s)
™

;— (Wln)z / () sin("7 ) ds

o0
AHaJyloruyHO, MOXKHO 1I0Ka3aTh, 9TO Psid y . 1|, | — cxoqurcs.
n=1

™
Orpanunuus | cos(Ts)| eIMHUIEH, IOy IuM, 9TO Pl i u(x,t) paBHOMEPHO CXOAUTCH 110 Npu3Haky Beiiep-

2
mrpacca (MayKOPaHTON ABJIAETCs, OUEBUIHO, CXOAANIMNAC P Z [7|¢n| + ——|Ynl|). Kpome Toro, dbyrkuuns
™ma
n=1
u(z,t) B ganHOM citydae menpepbisaa Ha [0; 1] % [0; T'].

To4HO TaK ke, JJIsi CyIIECTBOBAHWS W HETPEPBIBHOCTU MEPBON M BTOPOH NMPOM3BOAHBIX 1O T JOCTATOTHO
JI0Ka3aTh PABHOMEPHYIO CXOAMMOCTb DA U3 COOTBETCTBYIOMMX MPOM3BOAHBIX B (dopmyite (4.6). IIpomudde-
PEHIMPOBAB IO X, ITOJIY UM

l

l
3 2 ™ 2 T ™
Uy (2,1) = iy cos(——at)p(s )sm( s)ds + — —at Ji(s) sin(——s) ds | cos(——).
= ZJ ll l J | l l
U (2,) = § (?)Z %/COS(%MW( )Sm(TS) ds + % cos —at)dj( )sin(?s) ds sin(?m).
n=1
0 0

Torma (1o npusHaky Beiieprirpacca) 10CTaTOUHO MOKA3aTh CXOAUMOCTD DsIJIOB

— 7 (2 2 — (mn\2 [ 2 2
Z T <7|¢n| - %WH) ; ; (T) < 7|¢n| - %WH) :

n=1

oo o0
Ona Ke cjeyer u3 TOJBKO YTO JOKA3AHHBIX CBONCTB JIsI PSIOB Z n?|¢n| u Z n|yy|. IIpoBens re xe
= —
caMble PacCyzKIeHHs /I TPOU3BOIHBIX 110 £, TTomyduM B utore, 9to u(z,t) € C? {[0; l] [0; T}
B srom cityuae Jierko nposeputh, uro dbyukiys u(z,t), 3agaBaemas Gopmyiioil (4.6), yI0BIETBOPIET ypaB-
HeHMIO Kosebauuii (To ecth ycimomio (1)). To, uro Takas dyukuus u(z,t) yaosiaerBopsier yciaoBusm (2)-(4),
BHJIHO M3 €€ IIOCTPOEHUA — KPAEBbIe U HAaYaJIbHbIE YCJIOBUA ObLIKM y4TeHbl. TeopeMa JoKa3aHa. O

UTtak, pemenne mocTpoeHo. JlokaxkeM, 9TO MPU HEKOTOPBIX YCIOBUAX OHO €IWHCTBEHHO.

4.6 HNurerpas sHeprun. EAMHCTBEHHOCTD peIIeHNS KPaeBbIX 3a/1a4 /I yPaBHEHUS
KoJieOauuii

Paccmorpum 0ob1Lyo mepByio KpaeByo 3a/1a4y:

Uy = Uz + f(z,t), 0<z <, 0<t<T;
w(0,) = m(d), 0<t<T;
[43] ult) = ), 0<t<T;
u(z,0) = o(x), 0<z <
ug(z,0) = (), 0<z <l
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CuadaJja JT0KaykKeM eINHCTBEHHOCTh €€ PEeIleHUs.

Teopema 4.4 (eguHcrBenHoctn). Ilyemo dynryuu ui, us(x,t) € C*{[0; 1] x [0; T} u a6asomes pewenus-
mu 0dnotl u mot orce kpaesot: 3adawy [4.3]. Tozda uy(z,t) = uz(z,t) na {[0; 1] x [0; T']}.
Hoxazameavcmeo. Ilycrs v(z,t) = up — uy. OveBunno, GyHKIMs ABJIAETCH PEIIEHUEM Halleil KpaeBoil 3a1a4u
C TOXKIECTBEHHO PaBHbIMU HYJIO byHKIusaMu f, ¢, Y, u1, uz. Takum obpaszom,
Vg = P, 0< <1, 0<t<T;
v(0,1) v(l,t) = v(z,0) = ve(x,0) = 0.
IMousTHO, JOCTATOYHO JOKa3aTh, 9o v(x,t) = 0.
Onpenenum GyHKITHIO

l

E(t) = / [(vt(m,t))2 + aQ(Uz(x,t))z] dx
0
7 HA30BEM ee MHTEerpaioM dHepruu. B dusmyeckoil nHTEpHIpeTanuu ¢ TOYHOCTHIO 10 KOHCTAHTBI 9TO MOTHAS
SHEPIHs, K TPUMEPY, HAIIeH KOJeOIOMENCs CTPYHBI.
OueBuno, npu Hamux ycjiaoBus Ha Gyukuuio v dynkuusa E(t) muddepenuupyema. Torna ee npousBoaHas

BbIMUCIAETCA KaK:
l

E'(t) = / [2v¢(z, t)vp + 2% 0, (T, ) vge (2, t)] da.
0
IIpeoGpasyem BTOpOE CJIATAEMOE B MHTETPAJE WHTETPUPOBAHUEM TI0 YACTAM TIO T

l
/ 204 (2, t)vy — 20%0g4 (z, t)vy (7, )] do + 2a2vx(;17,t)vt(;1:,t)|é
0

Bamerum, uTo, TaK Kak v(x,t) — pelieHue ypaBHeHus KojebaHuil, moabHTerpabiast byHKIMs TOXKJIECTBEHHO
pasHa Hys0. IIpoquddepenuuposas Kpaesbie ycaous 1o t, noayduM, 4ro v:(0,t) = 0 = v (l,t). U3 3roro
cJlejlyer, 4YTO U BHEMHTErpaJibHOe cjaraeMmoe obpaitaercs B Houb. Urak, E'(t) = 0, uiu, 410 TO K€ camoe,

l
/ ve(2,1))* + a*(vg (2, 1))?] do = const.
0

Ha camom zesie Mbl pOCTO MOIy4YnJin €Ie OAWH BUJ 32KOHA COXPAHEHUS SHEPIUU - B 3AMKHYTOH cHCTeMe,
onuchIBaeMoil ypaBHeHusMHY [4.3], KoMndecTBo SHeprun nocrostHHo. OYeBUIHO,

1
E(t) = / ve(2,0))? + a*(vy(,0))?] da.

0

W3 maganpubix ycinosuit nomydaem, 9ro v (z,0) = vy (2,0) =0, (z,t) € {[0; I] x [0; T']}, a, ciemoBarenbHo,
E(t) =0.
U3 HEOTPUIATEILHOCTH TOABIHTETPANTBHBIX (DYHKIUN MOITYYaeM, ITO
ve(x,t) = v (x,t) = 0.

3 sroro cieayer, 910 v = const, a U3 HaYAJIbHBIX ycaoBuii ciaemyer, 9ro v = 0. Teopema mgoxkaszama. |

3ameuanne. Bce yrBep:k/ienus BepHBI U g 33429 C KPAEBbIMH yCJIOBUSIMU BTOPOIO POJIA:

v(0, ) = 0;
{ v (1,t) = 0.

— 9TO HUYErO HE MEHSIET B JOKA3aTEIbCTBE, KPOME CIIocoba, JOKA3ATETbCTBA PABEHCTBA, HYJII0 BHEUHTET PAJTLHOTO
CJIaraeMoro, a TaK:Ke BEPHBI JIJI KPAEBBIX YCIOBHUIl CMENIaHHOTO BUA.
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4.7 3amava C JAHHBIMU HA XapPaKTEPUCTUKN. DKBUBAJEHTHAS CUCTEMA MHTETPAJIb-
HBIX yYpaBHEHU

Paccmorpum cnemyromtyio 3amatdy:

(1) uzy(m,y) = a(m,y)uz(m,y)+b(m,y)uy(m,y)+f(m,y,u(m,y)), 0<m<lla 0<y<12;
[44] (2) U(.’L’,O) = (;5(1‘), 0< T <y
B) w0y = ¢, 0<y <l

Dra 3a/1a9a ¢ HEJIMHEHHBIM yPABHEHUEM rUepOoInYecKoro Tuna HasbiBaercd 3agadeit I'ypea. 1o qannomy
paHee OUPEeAEIeHUI0 Xapakrepucrukamu ypasaenus (1) Oyayr dyHKUKUU, yI0BIETBOPAIOLUIME YDABHEHUIO

drdy = 0.

Dro saer cemeiicTBO NpsAMbIX Buaa & = const, y = const. Takum obpaszom, nawna Gyukuus u(z,t) 3amaercs
JAHHBIMU Ha XapakTepuctukax ¢ = 0, y = 0.

Onpegnenenne. Oyukiusa u(r,y) HasbiBaerca pemennem 3agaun [4.4], ecin u(z,y) € C?{[0; l1] x [0; l2]} u
yaosserBopsier ycaosusam (1)-(3).

JokaxkeM CylIeCTBOBAHWME U €IUHCTBEHHOCTh PEIICHUs JAHHON 33249l B HECKOJILKO 3TanoB. CHavaia moka-
KeM, 4TO 3a1a4a [4.4] 9KBUBaJIEHTHA HEKOTOPOIl CUCTeMe HEJMHEHHbIX MHTerPAJIbHbIX yDABHEHHUI.

Mycrs dynkuus u(z,y) — pewenne 3azaqu [4.4]. Torua, uarerpupyst ypasuenue (1) cHadasa 0o , a 10TOM
O Y, TOIyYuM

Y

Ue (T, y) = ug(z,0) + /a(w,n)ux(w,n) dn + /b(w,n)uy(w,n) dn + /f(w,n,U(w,n))dn;
0 0 0

Ty

u(z,y) = uw(0,y)+u(z,0)—u(0,0)+ [ [ a(§, n)us (& n) dnds+ (& muy(&m) dndé+ | | F(&m,ul€n))dndE.
o] [ emicome
(4.7)
Beenem nBe HOBBIE QyHKITAN
{ v(@,y) = ua(2,9);
w(z,y) = uy(2,y)-
Torna, ucnonb3ysi HadasbHble ycaosus (2)-(3), ypaBrenue (4.7) MOXKHO HepenucaTh B BUJIE
T Yy z Y
u(z,y) = b(y) + 6z / [ latemete.n +wemule.m) dnds+ [ [s€nuiemyande. @9
0 00
IIpomud dpepennupoBas Mo T, MOIyIAM
y y
v(x,y) = ¢'(x) +/[a(:v,n)v(x,n) + b(, n)w(z, )] dn + /f(x,n,u(:v,n))dn- (4.9)
0
Awnanoruano, no y:
w(z,y) =¢'(y) +/[a(€,y)v(€,y) + (&, y)w(€, y)] d€+/f(€,y,U(€,y))d€- (4.10)
0 0

Urak, ecin u(z,t) — pewenue 3anauu [4.4], ro cywecrsyior dyukuuu v(z,t), w(z,t), ynosiersopsroiiue
ypasuenusM (4.8)-(4.10). O6parno, u3 cyuiecrBoBaHus HENPEPbIBHBIX (DYHKUMI U, U, W, ABJIAOLMXCS PEIeHU-
amu ypasreruit (4.8) - (4.10), cienyer, 910 v = U,; W = Uy. Taxzke HenmocpencrBeHHbIM TuddePeHIIPOBAHIEM
MOKHO yOeauThesi, uro dbyHkuus u(z,t) Oyaer aBasdrTbcs perreHneM 3agadu [4.4].
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4.8 CymecTBOBaHUE pPEIIEHNUs 33/1a49U C JAHHBIMU HA XapaKTEPUCTUKAX

Teopema 4.5 (cymecrBoBaHusi). [[ycmb 6bnoAHAIOMCS CACOYOULUE YEMBLPE YCAOBUM:
1. a(z,y), b(z,y) € C{[0; l1] x [0; I2]}

2. f(z,y,p) € C{[0; [1] x [0; I2] x E} — mo ecmb mw 3amenusu pynxyuro u(x,y) nepemernot p, npuruma-
1oweli A100be 3HAUEHUA,

3. |f(x,y,p2) — f(2,y,p2)| < Llp1 — p2l, Vo € [0; ], Vy € [0; l2], Vp1,p2 € E - yeaosue Junwuya no p.
4. ¢(z) € CH0; L], P(y) € CH0; L2], $(0) = (0).
Tozda cywecmeyem pewenue 3adavwy [4.4].

Hoxazameavcmeo. Tak kax [4.4] sksusasienrro (4.8)-(4.10), nokazem, 4TO CylLIECTBYIOT HePEPbIBHbIE (DYyHK-

uuu u(z,y), v(z,y), w(x,y), yrosiersopsouue (4.8)-(4.10). Haitnem 11 HyHKLIUM 110C/I€10BATEILHOCTHIO UTE-
parmii, a UTepAIUOHHbBINA MTPOIECC MOCTPOUM CIEAYIOMUM 00pa30oM:
( Uo(may) = U()(-'L',y) = ’LU()(-'L',y) = 07

z Y

Ui (2,9) = 9(y) + 6(z) — H(0) + / / (€, mon(€,m) + B(E, M) wn(€,m)] dn dE + / / F(E,myun€,m)) dn de;

0

Yy
Unt1(,y) = ¢'(z +/ a(x,n)vy (z,m) + bz, n)wn (z,n) dn+/f x,n, up(z,m)) dn;
0

w1 (@,9) = +/ (€, 9)n(E,y) + b(E, m)wn(£,y)] df+/f§y,unfy))f
0

JlokazkeM CXOAUMOCTDH 3TOTO Tporecca. [LJish 3TOro omeHnM pa3HOCTh MEXKIY JIEHaMU TOCIeI0BATETLHOCTEH
Up, Un, Wy. VI3 ONIpee/IeHuss UTepaluu JJis U, U YCJIOBUs T€OPeMbI (3) cieyer, 4To

T Y
[Unt1 — Unl S// [a(€, Mlvn(&m) — vn1(& )]+ [b(E Mwn (&, m) — wn—1(&n)|] dndé+
00

z y
+ [ [Llunten) —wnmsteml dnd
00
IIycre M = max{max |a(x,y)|, max |b(z,y)|, L} npu (z,y) € [0; l1] x [0; I3]. Torma

z y
|tnt1 = un| < M//an(fvn) — On—1 (&) + [wn(&,m) — wa1 (&) + [un(&,n) — un—1(§, )] dndg. (4.11)
0 0

Amnaymornyno, myist GYHKIUR vy, Wyt
y

[vn41 = Un| < M/ [lon (@, 1) = vn—1 (@, )| + lwn (@,7) — wpr (@, M)| + Jun (@, 1) = un—1(z,n)l] dn;  (4.12)
0

Wny1 — Wy| < M/ (vn(€y) = vn_1(&y)| + |wn (€, y) — wa1 (§9)] + [un(&,y) —un—1(&,y)]] d§. (4.13)
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3aMeruM, 9TO BCE JIEMEHTHI UTEPAIMOHHOTO MPOIECCa — HempepbiBHbIE dyHKIuU. I3 3TOrO0 Ciiemyer, 9To

dbyHKIBA |Uy|, [V |, |wy| Orpanmtens! Ha HeKOTOPOI KOHCTaHTOH H. 113 ompemesieHns HyIeBbIX <ICHOB IOCTIEI0-
BATEJIbHOCTH [OJIY93€eM, YTO

lur —uo| < H; vy —wo| < H; Jwi —wo| < H.

Ucnomnp3ys 310, OleHUM PA3HOCTHU CJIEAYIOIIErO MOPs/IKA:

’

Ty .

s — w1 | gM//?,Hdgdn:?,HMxyggHM%-

00

Yy
Uz—v1|<M/3Hdn:3HMy<3HM(m+y);

0
|w2—w1|<M/3Hd§:3HM;E<3HM(;v+y).

0

st moKa3aTeibCTBA PABHOMEDPHOI CXOAMMOCTH HAIIUX ITOCJIEIOBATEILHOCTEH HAM HAIO OYy/ET IMOCTPOUTH
HEKHMII MakKOpPaHTHBIN pAJ, HO CHAYAJa JOKAZKeM CJIEAYIONIYIO OIEHKY:

n

|Un(.27,y) - un—l(ﬂf,y” < 3HMn_1K"_2%;
i pen—a @+ y)"
|vn (2, 1) — vn1(z,y)| < SHM K" ORI
n—1
|wn (2,y) — wn—1(z,y)| < 3HM"—1K"—2M

(n—1)! "~
rne K =241 + ls.
JlokazaTeabCTBO MPOBEJEM IO WHIYKITUH.
Baza wnaykmuu. [Ipu n = 2 onenka BepHa - JIOKa3aHO BHIIIIE.

IIpeanonoxenne muaykuu. I[Ipemqnonoxkum, 9To oHa BepHa s n. Jlokaxewm ee st n + 1.

WNuanykruBeeiii nepexons. OueHuM pPa3HOCTb |Uy,41 — Uy, |, UCHOJIb3Ysl IPEANIOI0KEHUE UHLY KIMHU:

T Y
n n—1
g1 — un| < M// {:’)HMannz’m +2- g tgen2 EE" d¢dn <
00

n! (n—1)!

€T

ngen2 | [ E+m)"
<omere s | [

€T

Y (E+n)"
de + [ S0
/

Y

dg

0

|
n.
0

0

Borauciium mHTErpasibl, IPU STOM IPH [OICTAHOBKE IIPEE/IOB HHTEIPUPOBAHUS B IEPBOOOPA3HYIO OTOpOCHM

HUZKHUE TOJCTaHOBKU. VX ciiaraemble OTPHUIIATEIbHBL, IO3TOMY [JIs HCXOIHON PA3HOCTH IOy 9a€M TAKYIO OLIEHKY
CBEpPXY:

n+2 n+1 n+1
g1 — un| < SHM K" {(”C ) P Ch’) ] _ sgan 128 ) [m +y

n+2)! mt 1) m+ 1) n+2+2]<

T+y (@ +y)ntt
< 2< 1 l: 2= KY<3HM" Kn-12— 27
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Utak, npeanonoKenwe WHAYKIUU JJIs MTOCTAEIOBATETIHHOCTH U, JOKa3aHO. /l0Ka3aTeIbCTBO OIEHKHW st
OCTaJIbHBIX JIBYX MOCJIEI0BATEIHHOCTEH Oy IeT TOXOKUAM:

€+n)" N ()
o +2-3HM" 1K"2 1) }dns

< { orGpachiBaHie OTPHUIATEIBHBIX CIATAEMBIX } <

y
[Une1 —vn]| < M/ {?;HM"lK"2
0

a2 AN @ g @AW [Ty o
= (n+1)! n! ' n! n+1 =
<sHMngn- EEY)"

n!

CremoBaTenbHO, M BTOpas OIEeHKa BepHa. JloKa3aTebCTBO TpeTheil OMEeHKH COBEPIITEHHO aHAJOTHIHO JTOKa-
3aTe/IbCTBY BTOPOI, TOITOMY OMyCKAeTCH.

Tenepsb JoKaxKeM PaBHOMEPHY IO CXOAUMOCTD IIOC/IEI0BATEIbHOCTEA Uy, Uy, Wy OUEBUIHO, 4TO KAXK/IbIH Y/I€H
TaKO# MOC/Ie0BATEIbHOCTH MOXKHO IIPEJICTABUTh KAK YaCTUYHYIO CyMMY COOTBETCTBYIOILIErO Psa:

un(may) = i:l(um(may) - umfl(m;y));
vn(z,y) = iﬂ(vm(x,y) — V1 (2, ));
Wa(@,9) = 32 () — W1 (2, 7))-

3
I

JI71s1 OIIEHKM CjlaraeMbIX MePBOTO PAJA MBI IOKA3AJHM OIEHKY:

(z +y)"

| n—17-n—2 n—1 gz (1 +12)" a"
un(T,y) —un_1(z,y)] <SHM" K 1 <3HM" " K"™7—vu——

o = Cm, C,a = const.
fo%e) n
Ussecrro, uro panx suga y, C ] CXOIWTCA — OTCIONA MO NPH3HAKY Beitepmrpacca nojgydaeM paBHOMEp-
HYIO CXOOUMOCTD HOCJIe,‘[LOBaTe?II)HOCTI/I Uy,. V13 HEIPEPBIBHOCTH CIAraeMbIX CIEAyeT HeIPEPLIBHOCTD MIPEIeIbHOR
byHKIAN:
un(z,y) = u(z,y) € C{[0; l1] x [0; I2]}.

AmnajornvHo, st IBYX JAPYTHUX TOCIEI0BATEILHOCTEI:

on(z,y) = v(z,y) € C{[0; l1] x [0; 2] };
wn(z,y) = w(z,y) € C{[0; L] x [0 l2]}.

Temepb MbI UMeeM MPABO MEPEHTH B 3AlMCH UTEPANMOHHOIO IPOIECca K mpeaeny npu n — 0o. [Ipu atom
HOJIyYrM B TOYHOCTH ypaBHenus (4.8)-(4.10), a 9310 n o3HadaeT cymecTBOBaHue GYHKIHUH U, U, W, SBISIOMINXCS
pelreHneM 3To# cucTeMbl ypaBHeHnit. 13 mpeanonokeHnst 9KBUBAJEHTHOCTH 3TOM CUCTEMBI yPABHEHUM UCXOTHOMN
3aJa4e Ha xapakrepucrukax [4.4] nosydaem, 4To TEOpeMa MOJIHOCTHIO JOKA3AHA. O

4.9 EaunHCTBEHHOCTH pEIIeHUs 33Ja9M C JAHHBIMU HAa XapaKTEePUCTUKH

Nrak, MBI JOKa3aJIM CyIiecTBOBaHue pernenns 3aqa4au [4.4]. Tenephb 1oKazkeM ero e JMHCTBEHHOCTh — OYEBH/IHO,
9TO 9KBUBAJIEHTHO €JUHCTBEHHOCTH DEIIeHHs CUCTEMbI HHTEIPAJIbHbIX ypasHenuit (4.8)-(4.10).

Teopema 4.6 (eguucrBenHocTn). ITyemo cywecmsyiom dee cucmemo, pynxyud: {ui(x,y), vi(z,y), wi(z,y)},
{ua(z,y), v2(x,y), wa(z,y)}, A6aAVUUECA DEWEHUAMY CUCTNEMDL UHMEEPAALHOET Ypashenul (4.8)-(4.10), npu-
wem 6unoanens, ycaosus (1)-(4) meopemor cyuecmeosanus pewenus 3adavwu [4.4]. Tozda dynrkyuu

Ulz,y) = w(z,y) —ux(z,y), V(z,y) = vi(2,y) —va2(z,y), W(z,y) = wi(z,y) —wa(2z,y)

mootcdecmeenno pasrv, wyato ectody e 11,1, = {[0; l1] x [0; I2]}. (To ecmov cucmemv, dynkyud cosnadarom.)

o4



Hoxasamenvcmeo. Utaxk, uy,us — pemenus (4.8):

ur () = 0() + 6(@) — 6(0) + [ [ [a(€ nyva (€,) + b(E, myw1 (€, )] ddE + / / F(6, 1w (€,m) i dE;
00

uz(z,y) = ¢(y) + ¢(x) — (0) +

o\&o\&
O\;@O\m

[a(€, n)va(€,m) + B(E, mwa (€, )] dn dE + / / F(&m,us(€,m)) di de.
00

Bbruurasi 0HO U3 Apyroro u npuMenss ycaosue Jlunmuna s Gyakuuu f(x,y, p), DoaydIuM:

Tz Yy
us — 1| < //[Mlvz(&n) —o1(&m)| + Mwa(&,n) = wi (& )| + Mluz(€,n) — ui(§,m)l] dnd =
00

Ty
Ul < [ [ DaVEn]+ MW E |+ MUl dyde. (414
00
Anasioruunblit pesysnbrar cupasemius Jis V(z,y), Wz, y):

Y
/ [NV ()| + MW (2, )| + MU (2, ) ) di
0

1< [ DVl + MW €]+ M) .

Jokaxem, 410 U3 3TOrO Cjejayer paBeHCTBO HYIIO d1ux Gyukumit B II;,;,. g Hayana nokazkem, 4ro oHu
paBHBL HyJIO B mpsMoyroibuuke g, = {[0; o] x [0; yo]}, Ta€e X0, Yo YIAOBIETBOPSIOT CIELYIOMUM YCIOBHSIM:

3$0y0M <1
3.’L‘0M < ].,
3yoM < 1.

ITonozxxum

U = max [U(z,y)]; V = max [V(z,y)|; W = max [W(z,y)|

1_Iiboyo Hzoyo *0Y0

He orpanuunsas obumocru, nycrs U > max{V, W}. Toraa us nepasencrsa (4.14) ciemyer, 4ro

Ul(z,y)| gM// [U-i—U-{-U] ds < 3MzoyoU, (z,y) € ypyy =

— U < 3MzxoyoU.

Tak kak 3zoyoM < 1, To 310 BhIOIHsAETCs TOILKO 1ipu U = 0. U3 sroro, odeBumno, ciemayer, 9ro QyHKIUMH
U(z,y), V(z,y), W(z,y) ToxmecTBeHHO paBHBI HYJIIO B Il y,.
Ha cremyrtomem mare mbl 6epemM Takoe X1, ITO

3(&71 — Jfo)yoM <1;
3(&71 - Jfo)M <1
3yoM < 1.

u paccmarpuBaeM npsaMmoyrombruk I, . Torma mepasencrso (4.14) nepernumercs Tak:

)
Ul <M [ [ [T+T+T] ds, (0.9) € Moy

$00
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JeficTBys aHAJIOMMYHO IIPEbIAYIIeMy Mmary, nojyaum, aro Gyukuuu U(z,y), V(x,y), W (x,y) Toxaecrsen-
HO paBHbI HyTO B II;, . IIpogomxas momoOHbIE PACCYKIEHMS, MOKHO 32 KOHEYHOE UHCIIO IIAr0B IIOKA3AThH
paBeHCTBO Hymr0 3tux dynkmuit B II;, 4, a 3arem u B II;,4,.

Teopema mokazana. [l

4.10 Conupgxkennblii fud depeHnuaabHbIil OlIepaTop

Byuewm peiicrBosars B upocrpancrse E™. Ilycrs ¢ = (21, ..., ¢,) — Habop nepeMenHbix, a u(z) — QyHKUudA OT N
MepeMeHHBIX.
Onpegenenne. JIuddepennunanbublii oneparop L[u] or nekoropoit dbyukiuu u(xr) € C?(E™) onpese-

JIdeTcd KaKkK N N .
= Z Z zJ u““z] + Z bi(m)uii + Cu7 (415)
i=1 j=1 i=1

e aij, bij € C?*(E™) — nekoropele dynxuun, C = const. Tak Kak 9acTHbIE TPOU3BO/HBIE BTOPOTO MOPAIKA B
JTAHHOM CJIydae He 3aBHCAT OT MOpsiika AuddepeHnupoBanus, TO MIPUHIMAETCSI CorvIaltenne: a;;(z) = a;;(x).

Omnpenenenne. Kaxnomy auddepenunanbuaomy oneparopy L[u] MOXKHO 10CTaBUTh BO B3AUMHO OJHO3HAY-
HOE COOTBETCTBHE TAK HA3LIBAEMBIl CONPSAXKEHHBIN omepaTop K L:

n n

=D (aij(@)0)s.a; = D (bi(2)v)s, + C.

i=1 j=1 i=1

Ounpenesenne. Tuddepenuuanbublii oneparop L[u] HasbiBaercs caMoconpsi2keHHbIM, eciu L{u] = Mu].
Hawm nonamgoburcs cienyiomas dopmyira;

oLlu] = uM[v] =Y (pi())a;, (4.16)

n

rae p;(z) = Z [vaijuwj —u(a;;v)y ] + b;uv.
j=1
Jlj1s1 oKa3aTebeTha 3Toil GOPMYJIbl TIPOCTO MOJICTABUM BhIpaykeHue jjis p;(4) B MpaBylo 4acTh U Teperpyr-
LUPYEM CJIaraeMble:

n

Z(pz(x))zl = ZZ [Uaijuiji - (am + ZZ Uaz] JUz; — uxi(aijv)wj] +

i=1 i=1j=1 i=1j=1
n

+Z [vbiug, + u(b;v)y,] + Cuv — Cuv = zn:znjva,-jumjm + zn:vbium + Cuv—

i=1 i=1j=1 i=1

ZZu AijV)e;a; + Zu (bjv)y; + Cuv | + ZZ [(vaij)mumj — umi(awv)w]] =

i=1j=1 i=1j=1

= ’UL[ ] — UM + ZZ Ua/lj uz] Uy, (aijv)zj] .

i=1j=1

OcraBmasicsi BOIHAS CyMMa PAaBHA HyJIIO — 9TO CJEAYeT U3 CHMMETPUIHOCTH MHIEKCOB ciaaraembix. OTcroaa
nosydaem, uro ¢opmyia (4.16) Bepua.

CB43b C CONPAXKEHHBIM OIIEPATOPOM M3 JHHENHOH ajaredpshl.
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B numeitnoit anreGpe onpeaenenueM i onepaTopa A*, CONpPSZKEHHOro K oneparopy A, GbLIO COOTHOIIEHHME:
(Au,v) = (u, A*v)

KOTOPOE JOT2KHO OBLIIO BBIIOJHATHCS s JTI00bIX u, v u3 E™.
ITocmoTpum, KaK COTIACYeTCs C JAHHBIM OIPEIeIEHIEM HAIIE.
IIpumep 1. [Iycts Q) C E3, u ckazapHOe IPOU3BeIEHIE ONPeIeNIeTcs TaK:

g>=/7'fwh,.ﬁgec%ﬂ>mc%ﬁ>
Q

Torpa aisa dynxuuit u,v € C%(Q) N CH(Q) u rakux, uro u,v|y = 0, rae ¥ — rpanuua ), BepHO, 4TO
(v, L[u]) = (M[v], w).

ITokazkem 3T0:

o) = ) = [ f ot =t = 0200 = [ G 57+ -

= {15 = (p1,p2,p3)} = // div Pdr = { ®opmysa Ocrporpazckoro-Taycca (5.3)} =
Q
= //(137 ﬁ) do = {ﬁ = (nz7ny7n2)} = //(plnz +p2ny +p3ny) do =0
b by

— B CWJIy I'PAHUYHOIO yCJIOBUSL JIJISA U, V.
IIpumep 2. [Ipocreiiiimm IpuMEpOM CAMOCOIPSI?KEHHOTO OTIEPATOPa, SABJsSeTCs orneparop Jlammaaca, K mpu-
Mepy, B E3:
Liu]l = Au = Upy gy + Upgay + Usgas-

Jlerko nposeputh, uro M [v] = Awv.

4.11 Metoa Pumana
Paccmorpum B8 E? s bynkiuu u(z, y) taxoit auddepennuaibublii oneparop:
Llu] = uey + a(z,y)ue(,y) + bz, y)uy (2, y) + c(z,y)u(z,y). (4.17)
Ilo ompenenenunio, COMPSKEHHBIN K HEMY UMeeT CJIeLyIONuit BUI;
M[v] = vey — (a(@,y)v)e — (b(z,y)v)y — c(z,y)v.

Takum obpazom, B 0603Hadenusx dhopmyiibt (4.15): a;; = aze = 0, aja = as; = %, bp =a, bb = b, c=c.
JIerko BUAETH, YTO p1, po, UCHOJb3yeMble B (4.16), cuuTarorcs Tak:

1
P = §(vuy — uvy) + auv;
p2 = §(vuw — uvg) + buv.
ITycrs reneps na nuockocru OXY 3azana kpusag y = f(x), upudem Vz f'(z) < 0. I'paduk ee 0603na4um
Ly.

Bynem obo3HadaTh CuMBOIOM RJT HOJIYIJIOCKOCTh, TOYKU KOTOPO# Jieskar Bbiiie rpaduka Gyukuuu f(r):

Rf ={(w,y): y> f(@)}.
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Paccmorpum Takyio KpaeBylio 3aa4dy (KakK HeTPYJHO 3aMETHTH, ITO 33/JatIa Ha yPABHEHHE MUIePOONTTIeCKOro
tuna): [4.5]

(1) Llu] = F(z,y), (z,y) € Rf; (L[u] onpemenserca dbopmyioii (4.17))
(2) 8u(may) = ¢(may)7 (m,y) € L,fa
(3) 5 @y = by, () el

Bynem uckarn ee perenne B R}'. ITokazkem, KAK €ro MOXKHO BbIYMCJIUTDL B IIPOU3BOJILHON TOUKe A(Zo,Yo) €
+
R ;- )
Hns sroro coepunum rtouky A ¢ xpusoil Ly orpe3kamu, I1apajulesIbHbIMU OCAM KOODAMUHAT, IIOJLYdUB HA

nepecedenuun 109ku B(x,y0) u C(zg,y). Ob6o3nauum cumposom L kouryp, obpasosanublii orpeskamu AB u AC
n ayroit BC, a BHyTPEHHOCTb €ro — CuMBOJIOM D.

Bocnosnb3ayemcs dpopmyinoii (4.16) mis conpsizkernoro muddepennuaabaoro oneparopa Mv] (v - HekoTopast

dbyukus):
é/(vL[u]—uM[v])ds:{)/ <%+8a_1:>'

s mpeoOpa3oBaHus IPaBOil 9aCTU BOCIOJIb3yeMcst (popmytoit ['puHa 1719 KpUBOJIUHENHBIX HHTEIPAJIOB:

/Pdm+Qdy=//(Qx — P,)dy.
L D

B sTom ciydae mmeem:

//(vL[u] —uMv])ds = / — p2dzx + p; dy = {Hacru KoHTypa napasesbHbl OCAM KOODAMHAT} =

D
_ Z{gwuy_my>+au4 T T PR

A
+/ B(vuy —uvy) + auv} dy + / B(vuy —uvy) + buv] dx. (4.18)
c B

K U3BECTH = . Ucnonb3yst ar MyJLy, II M JIBA TIOCJIEJHUX HHTErpaJia B
Kak wmssectno, (vu)y VUy + uvy. Ucnonpsys 3 ) , Ipeobpasye a Toce, erpara

(4.18):

[y

o o—
Q\Q\ ,—.le

= (vuy — uvy) + buv} dr =

A
(vuy — uvy) + auv] dy +/ 5
B

A
1 1
[g(uv)y — uvy, + auv] dy +/ {§(vu)z —uv, + buv} dz
B

- -

'

ICA IBA

o sToro MBI ompenensan (DYHKIUIO ¥ MPOCTO KAK ABAaXKIbl HempepbiBHO auddepennupyemyio. Temepb
norpebyem, arobbl M [v], a TOYHee, 9TOOBI OHA ABJIANACH PEIIEHUEM TaKOH 3a1a9n:

'

( (4) Ua?y - (a(.’IJ,y)U)aj - (b(.’L‘,y)U)y - C(.’L’,y)’U = 07 T < Zo, Y < Yo;

(5) v(zo,y) = expf / a(z0,5) ds}, y < vo:

Yo

(6) v(z,y0) = exp{ / b(s,y0) ds}, z < o.

\ Zo
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Oro 3a1a9a ¢ JAHHBIMH HA XapaKTepuCTHKax Bua [4.4]. B mpepraynmx pasmenax ObLIO MOKA3aHO, 9TO Cy-
niecTByer u eauHcTBeHHa ByHKuusa v(r,y), ABIAIOMAACA ee perenueM. ByieM cautaTh, 9T0 OHa HaM U3BECTHA,
u Oy/IeM HCIIOJIb30BATH UMEHHO 3Ty (DYyHKIIHIO.

Bepuemcs K Boipazkenuio (4.18), noxcrasus ryga dbyukuuio F(z,y) u3 ucxoanoro ypasuenus (1) mius u(zx, y):

C

é/v(x,y)F(w,y)ds _ B/ { B(wy —uvy) + auv} dy — B(ww —uvy) + buv} d;z;} +loa+ Ina.

Bocnosnb3yemcs tem, uro B unrerpanax Ica, Ipa onna u3 koopaunar ¢ukcuposana. 13 yciosus (4) mis
v(z,y) aerko momy<nuts, 9to 4(vy — av) = 0 npu & = 2¢. Takum obpasom,

Icy = / B(uv)y —uvy + auv} dy = %(uv)

A
Aunasoruuno, u(v, — bv) = 0 upu y = yo. Caenosaresnbuo,
1 1
Iga = —(uv)y — uvy + buv| de = —(uwv)| — =(uwv)| .
2 2 A B
B
Urak, Boipaxenue (4.18) MOXKHO Lepenucarb Tak:
c
1 1 1 1
v(z,y)F(x,y)ds = —(vuy — uvy) + auv | dy — | = (vuy — uvy) + buv| dz ¢ +uv|,— - (uwv)| — < (uv)
2 2 2| T2,
D B

Orcrona sierko nosyuuthb 3uadenue Gyukuuu u(z,y) B rouke A(zo,yo):

2 2

; + //U(x,y)F(m,y)ds.
D

U3 rpanuunbix yeaosuii (5),(6) aus v(x,y) caemyer, uro v(zo,yo). Torga noayvaem, 4ro:

B+//U(;1:,y)F(;v,y)ds.
b (4.19)

Oro u ecrb okonuaresbHas (Gopmysna s u(To,yo). Moxer HOKA3aTHCsH, YTO HAM HEU3BECTHLI YACTHBIE
npousBoznbie u(x,y) Ha KOHType. [TokazkeM, 9TO UX MOKHO HAWTH U3 TPAHUYHBIX ycaoBuii (2),(3):

{ u(z, f(x)) = oz, f(2));

c
= - l VUqy — UV auv — l VU — UV, uv €T
u(zo, Yo)v(zo,Yo) = B/{{ (vuy y) + }dy [ ( )+ b ]d }+

+ —(uv)

1
+ =(uv)
c 2

1
2

w(wo, o) = —B/C{ B(wy —uvy) + auv} dy — B(wz ) + buv} d;r;}+ 5 ()

1
+ = (uv)
c 2

Ou

S . 1 "(x
Epunuanetit BeKTOp T KacaTelbHO# K Ly mMmeeT ciefylomuit Bui: 7 = { ; f'(@) .

Orcioma nostygaem, 94To

ou ou 1 ou f'(z)

- = o T G T PR
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u
5, HAXOAUTCH U3 ClCAYIOULIX Ipeobpa3oBaHmii:

-
5 ou

2 (e, 1)) = e (o, [ @) + g, F@) (@) = /IF T@P ().

u
Kax ussectno, — = (7, gradu). Equanumstii Bekrop HOpMaan K L ¢, OPTOrOHAIBHBLE BEKTOPY T, CINTAETCS
on
TaK:

e |
{w+@mv w+@mw}

ou =@ _ ou 1
o T o T (@) 01+ (@)

OxoHYaTe/bHO, U3 MPAHUYHBIX yCJIOBUI MOJIydaeM CUCTEMY Jjisd TOUCKa u(x,y) Ha KOHType L:

Orciona nostygaem:

0 ou Ou, .
8—m¢($7f(l’)) = a7 Em (@);
Ou f'(z) Ou 1

Ve IE) = e AT @Y ir @y

Ee ompenesurens Hurae He pasen Hymo. Orciona cienyer, Im0 Ug(2,Y), Uy (2,y) CYMECTBYIOT I UX MOKHO
OTIPEJIE/IUTH OHO3HATHO.

Urax, Mbl 060CHOBAIN KOPPEKTHOCTDL (hopmyiibt (4.19). Vcnonb3yeMblii j1jis ee T0JIy YeHUsT MeTO/] HA3bIBAETCs
merogom Pumana.

Bameuanne. Popmysa Janambepa siBiisiercs 4acTHbiM ciaydaeM dhopmyibt (4.19).

4.12 (O6001meHHbIE pELIeHNSA

Berpeuatorest ciydan, Korga pelienns NPUKJIQIHBIX 33/1a49 ObIBAIOT Pa3pbIBHbIMU. Takue peleHus: HeJib3si H0-
JIy9UTh CTAHJAAPTHBIME (DOPMYJIAME U3 JAHHOIO KyPCa, OJJHAKO UX MOXKHO [PEJACTABUTH, K IIPUMEDPY, KAK [PeIesl
"oObranbIX " pereHuii.

O6ob1ieHHBIE pellienns B dopMe ONpeaebHOro mepexoaa.

O6uwmit moaxon,. Ilycrs dynkuuio u nano Haiitu u3 ypasuenus L[u] = 0, upudeMm Ha Hee HAJIOXKEHbI
ycioBus B Buje Hekoropbix dbyukuuit F' u ®. Eciu takas 3azada ze uMeer pemenus (HalnpuMep, u3-3a Toro,
gro F ¢ C?, ® ¢ C?), To MBI CTPOMM PABHOMEPHO CXOJAIIHECs MOCTe0BATETbHOCTH:

F,=F, &, =,

rae F, € C?, ®, € C%. Torga, ecrm cymectsyer permenne (byHKIHS wu,), cOOTBeTCTByIomee byHKImam F, u
®,,, To B KadecTBe u OepeMm npenes PYHKIIH U, :

u= lim u,
n—roo

[IPY YCJIOBUH, 9TO IOCIEI0BATE]HHOCTD U, PABHOMEDHO CXOAHUTCH K U.
IIpumep. Paccmorpum 3amady Kommu s runepboimieckoro ypaBHEHUs:

Ut = (PUpe, —00< T <400, 0<t LT,
u(z,0) = ¢(z), —oo<z < +00;
ut(z,0) = P(z), —oo <z < +o00.
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Ussectro, uto ecm ¢ € C2(E), ¢ € C'(E), o pemrenue 3amaercsa dopmyioit larambepa:

z+at

u(&f,t) — ¢(JT — at) + ¢(JT + at) + % / 11[](5) dg

2

Termeps TycTh B aHAJOIMYHOI 3a1ade (BDYHKIHH ¢,1) BCErO JIWIIb HEIPEPBIBHBL — TO €CTh MBI HE MOYKEM
BOCITOJIB30BaThCs popmysoit Jamambepa.

Byaem paborars B nosoce 0 < t < T. TlorpeGyem, urobbr ¢ = ) = 0 e orpeska [—d; d, riae d — nekoropas
koncranta. (Takoe cpoiicrso 0603HauaeTCa Kak supp @, = [—d; d].)

[Ipe/nonoKuM, 9T0 CymecTByIoT Takue byHKmud ¢, (), ¥, (z), aro ¢, € C*(E), v, € CY(E), npuuem
b(2) = Gn(2) = 0 1 [a] > 2d n

{ z:((i)) 2 %((?)’ Ha orpeske[—2(d + aT); 2(d + aT)].

s pemenust 3ama4 Komm, coorBeTcTByomux (pyHKOUAM ¢, u Y, cupasemimusa dpopmyna Jamambepa:

r+at
un(m,t) _ ¢n(-’L’ — at) ;_¢n($ +at) + % / "/}n(f) df — un(x,t) € 02{E % [0, T]}
z—at

Hazosem pewmenuem npegen rakux Gyukuuii: u(x,t) = lim u,(z,t).
n— 00

Omnpenenenne GymeT KOPPEKTHBIM, €CIN MBI TIOKaXKeM, 9To B npsMoyronbauke II = {(z,t) : =2d —aT < z <
2d 4+ aT, 0 < t < T} nocienoBarenbHOCTb Uy, (T,t) pABHOMEPHO cxoauTcs (OYEBUAHO, BHE €r0 BCE €e UJIeHbL
TOXKJIECTBEHHO PABHBI HyJII0). [I1s1 9TOTO MOKAXKeM, 9TO Uy, — DyHIAMEHTATbHAS MOCIE0BATETHHOCTD, TO €CTh

Ve>0 IM:Vm>M,Vp>0 |umsp(z,t) —um(z,t)| <e V(z,t)ell
Ouenunm 3Ty pasHocTs gepe3 dhopmyay lamambepa:

|Pmtp (2 + at)2— Pm(z + at)]| + |Pmtp(z — at)2— Pm(z — at)] +

|Um+p(.27,t) - um(xat” <
r+at

1
toc [ Womesl® = vm(©)l e
r—at

[Tony4uernyto CymMMy MOYKHO CI€JIaTh MEHBIIE JII000TO HAamepesd 3aJaHHOTO € — 9TO CJeAyeT U3 PABHOMEPHOMH
CXOIMMOCTH, &, CJIEIOBATENbHO, U (DYHIAMEHTAIBLHOCTH MOCIEIOBATETLHOCTEH Ppyy Py
Orcioga nosygaem, 94To

un(z,t) = u(z,t), (x,t) € II, npuuem u(x,t) € C[I].

Kpowme Toro, tak kax u,(£(2d + aT'),t) = 0, To T(£(2d + aT'),t) = 0, u u(z,t) = 0 Bue II.

ITocTpoennast Takum 006pa3oM (DYHKIMS HA3BIBAETCS 0DOOMIEHHBIM pellleHueM B (popMe IIPedeIbHOTO
nepexoja.

BosHuukaer BOIpOC: €AMHCTBEHHO JIM TAKOE pelieHue (Beb MOCIeI0BATEIbHOCTH @y, 1)y, MBI BHIOUPAJIU TIPO-
u3BosbHO)? Jljist OTBeTa Ha ITOT BOIPOC BO3bMEM J100ble JiBe Iapbl HOC/IenoBaTebHocTel gL, ¢2 u L, 2
TaKUe, 9To

{ b = by 07 = P
vn 39, ¥h 20

IIpeamoaoKuM, 9TO UM COOTBETCTBYIOT faBa pemenns: ' (z,t), u?(z,t), ABAAIOMAXCA TpEIEJaMHI TOJY-
gennbrx no Qopmyne lamambepa ujieHoB nociaegoBarenbHocTeil ul w w? coorsercTBenHo. Jlokaxkem, 4TO
u'(z,t) = u?(x,t). 115 3TOTO ONEHUM X PA3HOCTD:

@ (@, 1) =@ (0, 0)] < [T (2,) — (@, )] + Jup, (2, 8) — g (@, 0)] + [@° (2, 8) -y (w,1)].
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1

IlepBoe u TpeThe claraeMble CTPEMsTCs K HYJIO0 B CUJIy paBHOMepHO# cxomumoctu dyHKimit ul u u? coor-

BercTtBenHo. OuieHnM BTOpOE, puMeHss dbopmyay Jdasambepas

1 _ A2 1 _ —_h2 —
¢h(a+at) — gla +at)| | |¢h(e—at) — 2@ —at)]

b 1) — w3 (o, )] < 5

z+at

2
toc [ 10h© - vR©lde
z—at

142 12
Ono TakzKe CTpEMUTCs K HYJIIO, TaK KAK [10C/IEJI0BATEIbHOCTH ¢y, ¢y U Py, z/;n CXOIATCS K OTHUM U TEM 2Ke
bynxmuam — K ¢ u ¢ coorsercrsenno. Orciona momydaeM paBeHcTso Ut (z,t) u u(x,t).

O606H_IeHHoe pelleHne B CMbICJ/I€e MHTEerpajibHOTrO ToXK/JeCTBa.

Jpyrum npumMepoM mpuMeHeHust 0000IEHHBIX PEIIeH MOXKeT ObITh CiIydail, korga B ypasuenuu [lyaccona

Au = —f(z,y,2).
dbyukuus f ne sBusiercsa asaxipl auddepenuupyemoii — 1o ecrb "HOpMmasnbHOro"pemenus Her (T.K. BCerga
Au € C?).
O6mwmit moaxox. Ilycrs B obmactn Q C E2 ¢ rpanuneit ¥ dynkmusa u(x,y,z) onpeensercs ypaBHeHEeM
Llu] = F, tne

3

Llu] = Z i (T)Ug;z; + Z bi(x)ug; + c(z)u.
i=1 j=1 i=1

Tornma comnpsizkennblit K L omepaTop 3a7aeTcs Tak:

3 3

3
Ml =YY (aij(@)0)eia; = D (0i(@)0)e; + c(@)o.

i=1 j=1 i=1

Bynem paccmarpubaTh TobKo Takue dbynkmum v, ato v € C?(Q), suppv C Q) (moarocTbio BHYTPH ().
Ussectro, uTo, ecin u,v € C?(Q) N CL(Q), To cnpasenmusa dbopmya (4.16):

///(vL[u] —uM])dr = ///divﬁd’]’ = {dopmysa Ocrporpasckoro - [aycca (5.3)} = //(]3, 1) do.
Q Q P
W3 ycnosuit Ha v momydaeM, 9T0 QYHKIWU U, Vg, Vy, V., & TAKKe BeKTOP-DYHKIHAA P 0OpaIanTcs B HyJIb

Ha 3. Orcoga motydaem, 9To
///(UL[U] — uM]) dr = 0.
9]

J[[orir= [[[usuran (4.20)
Q Q

[Tony4yennoe BbipazkeHue Jjist 4 HA3bIBAETCs 0O0OIIEHHBIM PEIIEeHNEM B CMbIC/I€ NHTErPAJIBHOTO TOXK-
mecrBa. Takum oOpa3oM, Mbl IpeoOpa30Ba/d MCXOJHOE ypaBHeHue i u, "nepebpocus'rpeboBanue Helpe-
pbiBHOI auddeperupyeMocTu Ha QYHKIWIO v, TOTPEOOBAB TaK¥Ke, 9TOObI OHA ObLIa HE PAaBHA HYJIIO JIUIIb B
obJracTu, Jiexkarrei crporo BuyTpu 2.

Ucnonssyem, uro L{u] = F*:

62



5 IIpunoxenme. BcmomoraresbHbIE (DOPMYJIIBI U OTIPEIETIEHUS

Onpegenenne. Ilycrs bynkmus ¢(z,y, z) 3amana B npocrpanctse E3. Torga ee rpameHToOM Ha3bIBaeTCs
BekTOp-byHKnus grad ¢ = {¢a, Py, ¢.}, onpemesnennas BCIOZY, TOe CYLUIECTBYIOT BCE YACTHBIE IPOU3BOLHbIE
byscun (2,1, 2).

Omnpenenenne. [lycts BekTOp-hyHKIUA /_f(ar, Y, 2) UMEET BUJL /_f(ar, y,z) = {P(z,y, 2), Qz,y,2), R(z,y,z)}.
Torna ee auBeprenmueii HazbBaercs Gyarnusa div A= P, + Q4+ R, onpenenennas BCIOAY, TAe CYIIECTBYIOT
COOTBETCTBYONIUE IIPOU3BO/IHBIE.

IMycrs dbyuxkuus f(t) neupepbiBua Ha orpeske [t1; ta]. Torga ayis Hee cupaBemiuBa TeopeMa 0 cpegHEM
3HAYECHUU:

[ at = 1) - 1), (5.1)

rae t* — HeKoTopasi TOYKa U3 9TOI0 OTPE3Ka.
IMycrs dbyukuus f(x,y, z) HenpepbiBHa B 3aMKHYyTO# obsactu 2. Torma i Hee cipase/inBa 06001eHHAS
TeopeMa O cpeJHeM 3Ha4YCeHUMH:

///f(x,y,z) dodydz = F(P*)Va, (5.2)
)

rme P* — Hekoropas Todka u3 obmactu (2, a Vi - 00beM 3Toit ob1acTu.

IIycrs nmosepxuocTh X obsiactu ) COCTOMT M3 KOHEYHOI'O YMC/Ia 3aMKHYTBIX KYCKOB, MMEIOLIUMX B KazK-
JIOH TOYKE KaCaTesbHYIO, IpUYeM JIIOOble MPAMbIE, HapaJ/liejbHble KOOPAMHATHBIM OCIM, [IEPECEKAIOT e JiH-
00 B KOHEYHOM 9HCI€ TOYEK, JUOO IM0 KOHEIHOMY UHCIY OTPe3KoB. Torma mjist (QyHKIAH ff(m,y,z) =
{P(z,y,2), Q(z,y,2), R(z,y,2)}, tie P,Q, R € C*(Q) mveer mecto popmyna Ocrporpasckoro-Taycca:

//(A’,ﬁ)da:///div Adr (5.3)
) Q

CroBa GsaromapHoCTH!

41 BBIpaskaio MCKPEHHIOI0 0JIaroJapHOCTh BCEM TEM, KTO TOMOT MHE B pab0oTe HAJ JaHHBIM KOHCIIEKTOM: IIPEXK/IE
BCero Haiemy Jiektopy — JlenucoBy Ajtekcanapy MuxaitioBudy, KOTOPBIH He MPOCTO 00ECIEY ST MEHS MaTepUa-
JIAMH, HO M ITOMOT' HCIIPABUTh OIPOMHOE KOJIMYECTBO OmMOO0K; MouM Jpy3bsiM: Bekerosoit Enene, deit KoncmekT
[IPUBHEC B 3TOT TPY/ MHOXKECTBO HedocTaromux (popmy.t u noscuenunii, [locnesoBy Ajiekcero — 3a OCTOAHHYIO
TOMOIIb B PEIIeHnr TexHudeckux mpobsem, Kpyrmosoit Ejnerne — 3a MOpasibHYIO MOAAEPKKY, B KOTOPOU s Tak
qaCTO Hy}KﬂaHCH, a TaKzKe BCEeM TeM, KTO CIIOJABUI' MEHA Ha 3Ty pa6OTy.

Bes Bac s 6b1 He cupasuicsa. Cracubo scem 6osbioe!!!
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